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Introduction 


/upjJI {jnajJI olll /uiu 

We are pleased to introduce this book to show the philosophy on which the academic content 
has been prepared. This philosophy aims at: 

1 Developing and integrating the knowledgeable unit in Math, combining the concepts and relating 
all the school mathematical curricula to each other. 

Providing learners with the data, concepts, and plans to solve problems. 

3 Consolidate the national criteria and the educational levels in Egypt through: 

A) Determining what the learner should learn and why. 

B) Determining the learning outcomes accurately. Outcomes have seriously focused on the fol- 
lowing: learning Math remains an endless objective that the learners do their best to learn it all 
their lifetime. Learners should like to learn Math. Learners are to be able to work individually 
or in teamwork. Learners should be active, patient, assiduous and innovative. Learners should 
finally be able to communicate mathematically. 

4 Suggesting new methodologies for teaching through (teacher guide). 

5 Suggesting various activities that suit the content to help the learner choose the most proper activi- 
ties for him/her. 

6 Considering Math and the human contributions internationally and nationally and identifying the 
contributions of the achievements of Arab, Muslim and foreign scientists. 

In the light of what previously mentioned, the following details have been considered: 

^ This book contains three domains: algebra, relations and functions, calculus and trigonometry. The 
book has been divided into related and integrated units. Each unit has an introduction illustrating 
the learning outcomes, the unit planning guide, and the related key terms. In addition, the unit is 
divided into lessons where each lesson shows the objective of learning it through the title You will 
learn. Each lesson starts with the main idea of the lesson content. It is taken into consideration 
to introduce the content gradually from easy to hard. The lesson includes some activities, which 
relate Math to other school subjects and the practical life. These activities suit the students' dif- 
ferent abilities, consider the individual differences throughout Discover the error to correct some 
common mistakes of the students, confirm the principle of working together and integrate with 
the topic. Lurthermore, this book contains some issues related to the surrounding environment 

and how to deal with. 

Each lesson contains examples starting gradually from easy to hard and containing various levels 
of thoughts accompanied with some exercises titled Try to solve. Each lesson ends in Exercises 
that contain various problems related to the concepts and skills that the students learned through 

the lesson. 

^ Each unit ends in Unit summary containing the concepts and the instructions mentioned and 
General exams containing various problems related to the concepts and skills, which the student 

learned through the unit. 

^ Each unit ends in an Accumulative test to measure some necessary skills to be gained to fulfill the 
learning outcome of the unit. 

^ The book ends in General exams including some concepts and skills, which the student learned 
throughout the term. 

Last but not least. We wish we had done our best to accomplish this work for the 

benefits of our dear youngsters and our dearest Egypt. 
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Unit introduction 

I * J Ht M T~ 

Functions have various types and they have important applications in different 
life domains such as astronomy, medicine, economy, seismography, geology 
and demography. We use the functions to calculate the variables of the weather and to predict 

the expected weather conditions for a period of time in the future or to identify a malfunction position in the heart 
using the graphs which the electrocardiogram device record. Furthermore, functions are used to fulfill the best 
profit through studying the two functions of profit and cost or the effect of the age categories on census. Functions 
are also used in athletic medicine to identify the ideal weight (weight = length (cm) -100) or to calculate the ratio 
of fats in the body. 


In general, functions are commonly used in the industry to study the effect of the different variables on the 
production quality. 


The swiss scientist Leonard Euler (1707 - 1783) is considered one of the most prominent of the eighteenth century 
in mathematics and physics. He had been credited with using the symbol y = f(x) to express the function . He had 
considered that the function is a correlation between the elements of two sets with a relation that allows to calculate 
a variable value related to Y for another independent one. He had converted all the trigonometric ratios which 
ancient Egyptians, Babylonians and Arabs had excelled into trigonometric functions. In this unit, you are going to 
learn different forms of the real functions, their behaviour and their graphical representation using the geometrical 
transformations and graphical programs and to use the real functions in solving life and mathematical problems in 
different fields. 



Unit outcomes 


By the end of the unit , the student should be able to : 


Identify the concept of the real function. 
Determine the domain, co-domain 
and range of the real functions. 
Deduce the monotony of the real 
functions of a real variable (increasing 
functions - decreasing functions - 
constant functions). 

Identify the type of the real function 
whether it is odd or even, 
identify polynomial functions. 

Graph the curves of (quadratic 
function - modulus functions - cubic 


Deduce the effect of the following 

transformations: /(x ± a) ± b and a 

fix ± b) ± c on the previous functions. 
Apply the previous transformation 
on graphing the curves of the the real 
function. 

Solve equations in the form of : 
lax + bl = c, lax + bl = Ifx + cl . 

Solve inequalities in the form of: 
lax + bl < c and lax + bl < c, 
lax + bl ^ c and lax + bl ^ c 


Relate what they learned about the 
effect of the previous transformations 
on the trigonometric functions in the 
form of activities. 

Investigate the graphical 
representation of the real function 
which have been previously learned 
and the effect of the previous 
transformation using the "Geogebra" 
program as cooperative work and 
activity. 











| Key terms 

Real Function 
^ Domain 
^ Co-domain 
^ Range 
^ Vertical Line 
^ Piecewise-Defind Function 
^ Even Function 


Odd Function 
Monotony of Function 
Increasing Function 
Decreasing Function 
Constant Function 
polynomial Function 
Absolute Value Function 


Rational Function 

Asymptote 

Transformation 

Translation 

Reflection 

Stretching 

Graphical Solution 


Unit Lessons 



Lesson (1-1) 
Lesson (1-2) 
Lesson (1-3) 
Lesson (1-4) 


Real functions. 
Monotony of functions. 
Even and odd functions. 


/i\ 


Unit planning guide 


Real functions and graphing curves 


Graphical representation of functions 
and geometric transformation. 

Lesson (1 - 5): Solving the equations and inequalities 

of absolute value. 


Real function 


Domain of function 


Range of function 


Materials 

Computer set with graphic programs- 
graphic Calculator-Scientific calculator 


Monotony of 
function 


Symmetry of 
function 


increasing function 


Decreasing function 


Constant function 


Even function 


Odd function 


Graphical representation of functions and 
geometric transformation 


Solving equations 


Life applications 


Solving inequations 


3 




► The concept of the 
real function 

► Vertical line test 

► The piecewise 
defined function (de- 
fined with more than 
a rule). 

► Identifying the do- 
main and range of the 
real function. 

► Operations on the 
functions. 


■ | Key terms 

► Function 

► Domain 

► Co-domain 

► Range 

► Arrow diagram 


You have previously learned the concept of the function and known that 
the function is a relation between two non-null sets X and Y so that each 
element of X is identified with one element of Y and denoted by one of 
these symbols/, g ,h 

If we denote a function of set X to set Y with symbol /, it’s mathematically 
written as : 


/: X » Y and read / function from X to Y. Notice: 


1 ~ For each element x e X, one 
element of y e Y is identified 
by the rule of the function / 
and written as: y = /(x) 

2- The set X is called the domain 
of the function and the set Y 
is called the co-domain of the 
function. 



Range 


3- The set {y =f(x ) : x e X} 

is called the range of the function and known as the set of the image 


► Cartesian diagram 


of the elements of the domain of the function. 


► Vertical line 

► Piecewise defined 
function 

► Rule of the function. 


Real function: 

The function/is called a real function if each of its domain and 
co-domain are the set of the real numbers M, or a subset of it. 


Materials 

► Scientific calculator 

► Computer with 
graphic programs 



X Y 

Example 

1 The relation from set X to set Y represented in 
the arrow diagram opposite represents a function 
where: set X is the domain of the function = 

{ 1 , 2 , 3 , 4} and the set Y is the co-domain 
of the function = {5, 6, 7, 8, 9}, whereas 
the set of elements {6 , 8 , 9} is known as the 
range of the function. 





Try to solve 

1 Which of the following relations shown by the illustrated arrow 
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Real functions 


l- 


diagrams represents a function and which does not represent a function? Write down the 
domain and range in case the relation represents a function: 

X Y X Y 



The graphical representation of the functions 

If / : X > Y , then the set of ordered pairs which satisfies the rule of the function is called the 

function. I.e. the function f={(x,y):i£ X , y g Y and y = fix ) } 

By representing these ordered pairs on the cartesian diagram , we draw the graphical form of the 
function or the curve of the function. 

In example (1) : The function / = { (1, 6), (2, 8), (3, 9), (4, 6) }. 

Notice : 

1 - The graphical form of the function is a set of separated points. 

2- The vertical line passing at each element of the elements of the 
function domain intersects its graphical representation at an only 
point. 
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Learn 


ES 

The vertical line test 

If the vertical line is found at each element of the 
domain elements , it passes through an only point of 
the points representing the relation, the relation was 
a function from X -> Y 

# Example Identifying the relation representing a function 

2 In each of the following figures, show whether y represents a function in x or not . 





Figure (1) 

o Solution 

Figure (1 represents a function 


Figure (2) 



Figure (4) 


Figure (2) does not represent a function because the vertical line passing through point 
(1,0) intersects the graph at infinite number of points. 
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Unit 1: Real Functions and Graphing Curves 


Figure (; represents a function. 

Figure (4) does not represent a function because there is a vertical line intersects the curve 
at more than a point. 



Try to solve 


2 Show which of the following relations represents a function from X 
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Figure (1) Figure (2) Figure (3) 


» Y. Why? 



Figure (4) 


# 


Example 


Identifying the range of the function. 


3 a if/ : [l, 5] > R where /( x) = x + 1 

Graph the function /and deduce the range of the function 


b If g : [1, 5[ > R where g (x) = x + 1 

Graph the function /and deduce the range of the function. 


Solution 

a Function /is a linear function whose domain is [1, 5], 
It is represented by a line segment whose two ends are 
(1, /( 1)) and (5,/(5)) i.e. the two points (1, 2) and (5, 6). 
The range of function / = [2, 6] 

It is the set of y coordinates for all the points which 
belong to the curve of the function. 


b The function g is a linear function whose domain is 
[1, 5[. It is clear that g(x) = fix) for each x € [1, 5[ 
to be graphically represented by a line segment on 
a way that one of its ends is point (1 ,2), and the other 
end (5 , 6) is to be ignored from the graph by placing 
an open circle at this point. 

The range of the function g = [2, 6[ 
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1 



Try to solve 

3; a) If /: [1 , 00 [ 



R , where fix) = 1 - x 


Graph the function /, and deduce its range, 
b If g : ]- 00 , -l[ > ]R , where g(x) = 1 - x 


Graph the function g and deduce its range. 

Piecewise - defined function 


Work together 


Monthly consumption 
in (m 3 ) 

Price per 
piasters 

till 25 

40 

More than 25 till 50 

100 

More than 50 

150 


To decrease the consumption of electricity, water and 
gas, the monthly consumption is calculated with respect 
to special categories relating the consumption amount 
to its value. The table opposite illustrates the prices of 
the monthly consumption categories for the natural 
gas at homes in piasters. Calculate the value of a home 
consumption of the natural gas in piasters with a classmate 
for the following quantities: 

1-30 cubic meters monthly. 2 - 60 cubic meters monthly. 

[Taxes and service are added after the monthly consumption is calculated] 

Notice: The function /of calculating the value of the consumption x cubic meter of gas monthly 
where rel can be written as follows: 

40 x when 0 ^ x ^ 25 

f( x ) = 1 100 x - 1500 when 25 < x < 50 
150 x- 4000 when x > 50 

It is a piecewise - defined function (Defined by more than a rule) 


Learn 


The piecewise defined function is a real function where each subset of its domain has a different 
definition base. 



Try to solve 

4 Check your answer using the function above in Work together , then calculate the gas 
monthly consumption for the following quantities: 

a 15 cubic metres b 40 cubic metres c 54 cubic metres 

Graphing piecewise- defined function : 

# Example 

f 3 - x when -2 ^ x < 2 

4 If /(x) = 

[ x when 2 ^ x ^ 5 
Graph and deduce the domain and range of the function. 
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Solution 

The function/is defined on two intervals and/(x) is 
identified by two rules: 




if m = 


First rule : (x) = 3 - x when -2 < x < 2 i.e. on interval [ -2, 2[ . 

It is up for a linear function represented by a line 
segment whose two ends are the two points (-2, 5) 
and (2, 1) by placing an open circle at 
point (2, 1) because 2 t [-2, 2[ as shown in the figure 
opposite. 

Second rule : f 2 (x ) = x when 2 ^ x ^ 5 i.e on interval [2, 5] 

It is up for a linear function represented by a line segment 
whose two ends are the two points (2, 2) and (5, 5) and the 
domain of the function /= [-2, 2[ U[2, 5] = [-2, 5] 

From the graph, we deduce : 

the domain of the function /= [-2, 5] 
the range of the function /= ]1, 5] 

Try to solve 

x - 1 when -2 x < 0 
x + 1 when x ^ 0 

Graph the function and deduce its domain and range. 

6 Deduce the domain and range of each function in the following graphs. 
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Notice 
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Range 
of the 
function 
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y 1 domain of the function 

in the graph 
representing the 
function f, the domain 
of the function = [ a, b] 
the range of the 
function = [c ,d] 
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1 


Identifying the domain of the real functions and the operations on them 

The domain of the function is identified from its definition base or its graph. 


# Example 


Determining Domain of the function 


5 Determine the domain of the following real functions defined by the next rules: 

b />(*) = -/ 


a f\ w = 


x - 9 


c /(*) = V^5 


3 

Solution 


d U x ) = 


x - 3 

1 


‘fT~- 


X 


a The function f x is not defined when the denominator = 0, so we 
place x 2 - 9 = 0 i.e. x = ±3 


9 ) Remember 


The domain of the 
polynomial function 
is the set of real 
numbers when it 
is not defined on a 
subset of it. 


signe 

x-3 


Thus, the domain of the function is E - {-3, 3} 

b The domain of the function f 2 is all the values of x which 

make the value of the number inside the root positive or 3 

zero. I.e. the values of x which satisfy x - 3 ^ 0 

V x - 3 0 :.x> 3 , the domain of the function/ 2 = [3 , °° [ 

c fS x ) = y x - 6 , index of the root is an odd number and the domain of /- = 


+ 




signe 

x-3 


- 00 


d / 4 is defined when 3 - x > 0 
Thus, the domain of f 4 is ]-°°, 3[ 

Notice : 

If/(x) = V g(x) where neE + and n > 1, then g (x) is polynomial 
First: When n is an odd number , the domain of the function / = M. 

Second: When n is an even number , the domain of the function/is the set of the values of x such 
that: g(x) ^ 0 

Try to solve 

7 Determine the domain of the following real functions defined by the next rules: 



a /iM= ! , 

x z - 3x + 2 

c f% w = y x - 5 


b f 2 (x) = Vx-2 
d fXx) = 


^ x + 4 


Critical thinking: If the domain of the function / where /(x) = 

value of K. 


2 


x 2 - 6x + k 


is M, -{3}, find the 
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W- Activity 


Operations on functions 

If/, and f 2 are two functions whose two domains are rn ! and m 2 respectively, then: 

1 (/' ±/ 2 ) (a) = /, (x) ±/ 2 (x) , domain of (/, +/ 2 ) is m,n m 2 

2 (/', • / 2 ) (*) = /i (*)• / 2 (x) > domain of (/' . / 2 ) is m , IT m 2 

3 dO (x) = where f 2 (x) + 0 domain of (A) is (n^fl m 2 ) - Z(f 2 ) 

J2 J 2 W J2 

where Z(/ 2 ) is the set of zeros of f 2 

We notice that: in all the previous cases , the domain of the new function equals the 
intersection of the two domains of f x and f 2 except for the values which make / 2 (x) = 0 
in the division operation. 


If 


A : K — 

f 2 : [-2, 3] 


E where f\ (x) = 3x - 1 
* E where f 2 (x) = x - 3 


First: Find the rule and domain for each of the following functions: 

a (f, + / 2 ) » (/,-/ 2 ) c (f,-/ 2 ) d 

Second: Calculate the numerical value of each (if possible) : 


(— ) 
V 


( a (/, +/ 2 ) (3) 


b (/, -f 2 ) ( -3) 

c (/, .y 2 ) (-2) 

d {f\ -/ 2 ) (2) 


e (Gw 

1 (j)(-D 


Wl 

Exercises 1-1 



Choose the correct answer: 

1 The relation shown by the following arrow diagrams which represents a function is 


X 


Y 

i • 


y\ 5 

2* 


71* 6 
7 






8 

4* 


^•9 



X 



X 



10 
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1 


2 The relation shown in the following graphical figures which does not represent a function is 
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3 The relation shown by the set of the ordered pairs which does not represent a function is: 
a {(1,3), (3, 5), (5, 7), (7, 9)} b {(2, 3), (3, 4), (2, 1), (3, 5)} 

c {(0,3), (1,3), (2, 3), (3, 3)} d {(-3, 5), (-1, 5), (0, 5), (2, 5)} 


Answer the following: 

4 If/: X * E and X = {1,2, -2, -3} 

Find the range of the function if fix) = 5x -3 


+ 


5 If g: {1,2, 3, 4, 5} 


where g(x) = 4x - 3 
a Write down the range of the function b if g(&) =17, find the value of k 

6 From the graph , deduce the domain and range of the function in each of the following: 





7 Determine the domain of the function/ where f{x) = 

Graph the function, then deduce its range. 

8 Graph the function /where : 

x + 3 when x ^ 2 
2x - 1 when x < 2 


x - 1 when 2 < x ^ 4 
-1 when -2 ^ x ^ 2 


fix) = 


then deduce its range. 



9 If fix) = \ 2x + 3 When - 2 ^x<0 

[ 1 - x when 0 ^ x ^ 4 

Graph the function /and deduce its range 
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If fix) 


f x + 1 when -3 ^ x < 0 
[ x + 2 when 0 ^ x ^ 3 


Graph the function /and deduce its range. 


11 If fix) 


Find : 


4 


-4x + 3 when x < 3 


- x 


3 


when 3 ^ x ^ 8 


3x 2 + 1 when x > 8 


/( 2 ) 


b /( 3) 



Trade: The function /, where : 







| x When 0 < x < 5000 

2 X + 2500 When 5000 < x < 15000 

| v + 10000 When 15000 < x < 60000 


c /(10) 


represents the amount of money charged by a company to distribute an electrical appliance 
in L.E. If x represents the number of distributed appliances, find : 

a /(5000) b /( 10000) c /(50000) 



Geometry: If S is the perimeter of a square whose side lengths is t , write the perimeter of 
the square as a function in its side length is (/) then find : 


a S (3) b S(f) 

1 4 Geometry: If M is the area of a circle whose radius lengths is r, Write the area of a circle as 

1 

a function in its radius lengths r M (r) then find M(-) and M(5). 

15 Determine the domain for each of the following real functions defined by the following 
rules: 


a fix) 

_ x + 3 

b fix) 

x 2 - 5x + 6 

c fix) 

<N 

>< 

II 

d fix) 


x + \ 
x 3 + 1 

V 4 - x 2 
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Think and discuss 


The opposite graph shows the 
temperatures recorded in Cairo 
On a day. Observe the change of 
degrees over the time, then find 
using the graph: 

a The periods when the temperature 
decreases. 

b The periods when the temperature 
increases. 

c The period when the temperature is constant. Characteristics of the 
curves help us know the behaviour of the function / and identify 
whether the function /(v) is increasing , decreasing or constant. It is 
called the monotony of the function. 



Learn 


The function /is 

Said to be increasing on the interval ]a , b[ 

If each of x 1 and x 2 e ]a , b [ 

where: x 2 >x f 
then: f(x 2 ) > fix { ) 


The function/ is 

Said to be decreasing on the interval ]c , d[ 
If each of x { and x 2 e] c ,d [ 
where: x 2 >x j 
then: f(x 2 ) <f(x 1 ) 


The function / is said to be constant on the 
interval ]/ , m[ 

If each of : Xj and x 2 g] / , m[ 
where x 2 >x 1 

then :f(x 2 )=f(x l ) 
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You will learn 

► Monotony of func- 
tions. 

► Using graphical 
program such as (Ge- 
oGebra) to graph the 
function curve. 




Key terms 


*■ 


► Monotony 

► Increasing function 

► Decreasing function 

► Constant function 


Materials 


► Scientific calculator 

► Graphic programs 
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# 


Example 


1 Investigate the monotony of the function represented in 
the figure opposite. 


r Solution 

> the function is decreasing in the interval 0[ 

> the function is increasing in the interval ]0, 2[ 

> the function is constant in the interval ]2, °o[ 



Try to solve 


1 In the opposite figure: 

Investigate the intervals in which the function is increasing, 
decreasing and constant. 


# 


Example 




2 Each of the following graphs illustrate the curve of the function / : X » Y. Deduce the 

domain and range of the function , then investigate its monotony 



r Solution 

a The domain of /= E = ] -°° , 00 [ , range of / = ] -oo , oo [ the function increases in ]-oo , o°[ 

b The domain of / = ] -oo , 2] U] 2 , +oo [ = ] -oo , oo [ , range of /= E 
the function increases in ]-oo , 2[ and also in ] 2 , oo [ 

c The domain of /= ] -oo , 1 [U ] 2 , +oo [ , range of / = ] - oo , 4[ 
the function is constant in ] -oo , 1 [ , and decreases in ] 2 , oo [ 
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Monotonty of Functions 




Try to solve 



Deduce the domain and range of the function , then investigate its monotony in each of the 
following graphs: 



Using the graphical programs to study the properties of the functions 

There are a lot of graphical programs to represent the functions graphically. The free GeoGebra 
for tablets or computers is one of the most famous. 



Activity 


Use the GeoGebra program to represent the function /graphically where : fix ) = x 3 - 3x + 2. 
Find the domain, range and investigate its monotony from the graph. . 


To do this activity, follow the next steps : 



Open the algebraic window and the graph 
from GeoGebra, then press Graphics and 
choose 5 to reach the shown window in 

Fig (1). 



2 - In the algebraic window, write the rule of the 
function: fix ) = x 3 - 3x + 2 , then inter (input) as 
follows: 

Then press the curve of the function appears 
in graphical window and the rule of the function in 
algebraic window as shown in Fig (2) 
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3 - To determine points on the curve of 

a function , choose A from the tool bar 

o 

' — V 

then a new point from the menu. Move the 
pointer until it reaches the point determined 
on the curve. Press enter and the point 
will appear on the curve in the graphical 
window and the point coordinate appears in 
the algebraic window as shown in Fig (3). 



From the graph, we find : 

a Domain of/= ] - oo , oo [ and range of / = ] - oo, oo[ 
b The function is increasing in ]- oo , -1 [ , decreasing in]-l , 1 [, 
and increasing in ] 1 , °o[. 

Application 

Use GeoGebro to graph fix) = 3x - x 3 , then investigate the monotony 
of the function from the graph. 






Find the range and investigate the monotony of each of the following functions from the 
following graphs: 



I I t I I ' — L -‘— 1 — ^ — * — 

Fig (D Fig (3) Fi §( 4 ) 
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Monotonty of Functions 




Determine the domain for each of the represented functions in the following graphs, then 
write the range and investigate its monotony: 


a 



b 



c 





If/: [-2 , 6] 



1 4 - x When 
v When 

Graph the function/, then deduce its range and investigate its monotony. 

4 Use a graphical program to graph the curve of the function /in each of the following , then 
deduce its range and investigate its monotony. 


x < 1 

1 


a fix) = x 2 - 5 

<N 

X 

II 

3 

n 

c fix) 

Q. 

3 

II 

0 

II 

oo 

f fix) 


= (x-l) 2 + 1 

_ -1 

x -2 



Well Engineering Enterprise 


Student book - First term 














= You will learn 

► Symmetry in curves 
of functions. 

► Even functions 

► Odd functions 


The graph of the function / where y = /(x) may be distinguished by 
geometrical characteristics that can be easily noticed from the graph. 
These characteristics can be used to study the functions and their 
applications. Symmetry around y-axis or around the origin point are of 
the most popular characteristics. 


■ j Key terms 

► Symmetry 

► even function 

► odd function 


Materials 

► Scientific calculate 

► Graphic programs 


Preface 

You have previously learned the symmetry around a straight line where 
the figure can be folded around the straight line to make the two halves 
of the curve be congruent completely and you have also learned the 
symmetry around the origin point. 



Symmetry around y-axis 
Figure (1) 
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Symmetry around the origin 
point. Figure (2) 


In figure (1): 

The point (- x , y) which lies on the graph of the function curve is the 
image of point (x , y) which also lies on the same graph by reflection 
around y-axis.. 


In figure (2): 

The graph of the relation between x and y shows the symmetry of the 
curve around the origin point where point (-x, -y) is the image of point 
(x, y) which lies on the same curve. 




Try to solve 



1 In the following figures, show which curve is symmetric around 
y-axis and which is symmetric around the origin point. 
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Even and Odd function 


l- 



(a) (b) (c) 


Critical thinking: 

Are curves of all functions symmetric around y - axis or around the origin point only? Explain . 


Even and Odd Functions 



Learn 


Even function : It is said the function /: X ■> Y is an even function if/(- x) = f(x), for each 

x , -x g X and the curve of the even function is symmetric around y-axis. 

Odd function : It is said the function /: X > Y is an odd function if /(- x) = -f(x). for each 

x , -v g X and the curve of the odd function is symmetric around the origin point. 

Notice : A lot of functions are neither even nor odd. 

When you investigate the type of the function whether it is even or odd , the condition of 
belonging the two elements x and -x to the domain of the function should be satisfied. If this 
condition is not satisfied, the function is neither even nor odd without finding /(-x) 


# 


Example 



Investigate the type of the function /in each of the following and show whether it is odd or 
even. 


a /(x) = x 2 b f(x) = x 3 ( c f(x ) = Vx +3 d fix) = cos x 

C Solution 

a fix) = x 2 , and the domain off = IE 

for each x and xgI, then/(-x) = (-x) 2 = x 2 

thus:/(-x) = fix) .‘./is even function 

b fix) = x 3 , and the domain of / = IE 

for each x and -xeH, then: fi-x) = (-x) 3 = - x 3 

thus:/(-x)= -fix) /is odd function 


Important remark : 

The function /: M, * M, and fix) = ax n where a # 0 and n g %' is called exponential 

function. The function is even when n is an even number and is odd when n is an odd 
number. 
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c fi x ) = V x + 3 , and the domain of / = [-3 , °o [ 

Notice that 4 e [-3 , oo [ while - 4 £ [-3 , °o[ 

The function is neither even nor odd. 

d fix) = cos x , and the domain of / = IE 

.•.for each - x and x e IE , then /(-x) = cos (-x) = cos x 
I.e./(-x) =/(x) /is an even function 


<?) Remember 


sin (-x) = - sin x 
cos (-x) = COS X 
tan (-x) = - tan x 



Try to solve 


2 Investigate the type of each function in the following functions and show whether it is even, 
odd or otherwise. 


a 

fix) = sinx 

b 

fix) = X 2 + COS X 

c 

fix) = x 3 - sin x 

d 

f{x) = X 2 cos X 

e 

fix) = x 3 sinx 

f 

fix) = x 3 cos X 

9 

fix) = X 3 + X 2 

h 

fix) = sinx + cosx 

■ 

1 

fix) = sinx cos x 


What do you infer ? 


Important properties : 


If each of /. and f 2 are even functions and each of g, and g 7 are odd functions, then 


1 ) /j +/ 2 is even function 
3 ) / x/ is even function 
5 ) /j x g 2 is odd function 


2 ) g t + g 2 is odd function 
4 ) g t x g 2 is even function 
6) /j + g 2 is neither even nor odd 


Use these properties to verify your answers in Try to solve. 

# Example 

2 Each of the following graphs illustrates the curve of the function / . Determine whether the 
function is even, odd or otherwise, then check your answer algebraically. 





o Solution 
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Even and Odd function 



a /(x) = x 3 + x, from the graph of the function/, we notice that : 

The domain of / = H. and the curve of the function is symmetric around the origin point. 
I.e. the function is odd 

v each of x e M, and -x € M, .\/(-x) = (- x) 3 + (- x) 

By simplifing : /(-x) = - x 3 - x 

take off (-1) a common factor /(-x) = - (x 3 + x) 

/(-*) = -fix) 

I.e. the function is odd. 

b f(x) = 2 - x 2 , from the graph of the function/, we notice that: 

the domain of /= [-2, 2] and the curve of the function is symmetrical around y-axis . I.e. 
the function is even 

v each of x e [-2, 2] and -x e [-2, 2] f(-x) = 2 - (-x) 2 

By simplifying /(-x) = 2 - x 2 

/(-*) = fix) 

I.e. the function is even 


c fix) = x 2 - 4x , from the graph of the function/, we notice that : 

the domain of /= 3R and the curve of the function is neither symmetric around y-axis nor 

around the origin point. I.e. the function is neither even nor odd. 

xel: 

v Each of x e M. and -x e M, /(-x) = (-x) 2 - 4 (-x) 

By simplifying /(-x) = x 2 + 4x / /(x) /is not an even function 

But -/(x) = -x 2 + 4x 

Then /(-x) / -fix) f is not an odd function 

I.e. the function is neither even nor odd. 



Try to solve 

3 Tell whether each of the functions represented in the following figures is even, odd or 
otherwise. 
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Example 

3 The opposite figure represents the curve of the function/where: 

when x < 0 

when x > 0 
Show that this function is even . 

C Solution 





From the graph, the curve is symmetric around y-axis. I.e. the function is even. 



Try to solve 



Represent the function/ where /(x) = 


x + 2 when x ^ -2 

graphically. 

- x -2 when x < -2 


then show whether the function is even, odd or otherwise. 



Exercises 1-3 




1 Tell whether the symmetry of the curve is around x-axis, y-axis or origin point, then explain. 
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Fig (4) 


Even and Odd function 
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Fig (6) 



Find the range of each function and tell whether it is even, odd or otherwise. 




Tell whether the function /is even , odd or otherwise. 


a fix) = x 4 + x 2 - 1 

b f(x) = 3 x - 4 x 3 

c 

d fix) = x 2 - 3x 

e m= x3+ } 

f 


x - 3 


f(x ) = A' 3 - — 

X 

fix ) = X cos X 



If f v f 2 and/, are three real functions where f\ (x) = x 5 ,/ 2 (x ) = sin x and ffix) = 5x 2 , 
tell which of the following functions is even, odd or otherwise. 
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Graph the curves for each of the defined functions, then tell whether it is even, odd or 
otherwise and investigate its monotony. 


fix) = 


c fix) = 


2 

when 

x > 0 

' 

- X 

when 

X 

\V 

o 



CT 

II 




-2 

when 

x < 0 

l X 

when 

x < 0 

x - 1 

when 

\v 

o 

X + 1 

when 

\v 

o 



Q. 

>> 

II 




lx 

when 

x < 0 1 

1 - X 

when 

x < 0 


Answer the following using the next graphs : 




Fig (D 


Fig (2) 
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Fig (4) 


First: Complete the graph in figures (1) and (3) in your notebook to get an even function on 
its domain. 

Second: Complete the graph in figures(2) and (4) in your notebook to get an odd function 
on its domain. 

Third: Determine the domain and range of the function in each case , then investigate its 
monotony 
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Polynomial functions 

You have previously learned the polynomial function whose base is in 
the form: fix) = a () + a,.*' + a 2 x 2 + a 3 x 3 + ... + a n x n 

where : a 0 , , a 2 , a 3 , , a n el, a n # 0 and n e M 

You knew that the domain and co-domain are the set of the real numbers 
R ( or a subset of it). As a result, these functions are called polynomial 



You will learn 


► The polynomial func- 
tions (linear function 
- quadratic function 
and cubic function) 


► The absolute value 
function. 


functions of n degree. The degree of a polynomial is the highest power 


► The rational function 


of the independent variable x. 

Notice: 

1 - If/(x) = a Q and a 0 # 0 then/is called a constant polynomial function. 

2 - The polynomial functions of the first degree are called linear 
functions, of the second degree are called quadratic functions and 
of the third degree are called cubic functions. 


► using the geometrical 
transformation of the 
function f to graph 
the curves 
y = f(x) + a 
y = f(x + a) 

y = f{x + a) + b 

y = -m 

y = a f(x) 


3 - Adding or subtracting functions of different powers and constants, 
we get a polynomial function. 

4 - Zeros of the polynomial function are the x-coordinates of the 
intersecting points of its curve with x-axis. 


y = a f{x + b) + c 

► Transformation of 
some trigonometric 
functions. 


Key terms 



Graphing the curves of the functions. 


First: Polynomial functions: 



Learn 


Here is the graphical representation of some polynomial functions : 

The simplest form of the linear 
function is : 

fix) = X 

it is a function /that joins the number 
itself and a straight line passing 
through point (0, 0), and its slope = 1 
represents it. 

(Check: the range of / = IE , / is odd 
and /is increasing in IE). 



► Transformation 

► Translation 

► Reflection 

► Vertical 

► Horizontal 

► Asymptote 


Materials 

► Scientific calculator. 

► Computer 

► Graph program 
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The simplest form of the quadratic function / is : 

fix) = x 2 

the quadratic function joins the number with its square. It is 
represented by an upward open curve, symmetrical around 
y-axis and the vertix point of the curve is (0, 0). 

(Check: the range of / = M,, / is even, / is decreasing at ]-o°, 0[ 
and increasing at ]0, +o° [ ) 



The simplest form of the cubic function/ is: 

fix) = x 3 

The cubic function joins the number with its cubic. 

It is represented by a curve whose symmetrical point is (0, 0). 
(Check: the range of /= M, ,/is odd and /is increasing in M.) 
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Example 


4 Graph the function /where: 

( x 2 when x <2 
4 when x > 2 


r Solution 

1 ) When x < 2 and fix) = x 2 
We graph fix) = x 2 for each x 
Place an open circle at point (2 



Fig (D 


2 ) when x > 2 and fix) = 4 

We graph the constant function//) = 4 for each x g]2,oo [ 
on the same graph fig (2) 

Notice that the domain of the function / = M, - {2} 
and the range of / = [0 , °° [ 
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Try to solve 

1 Graph the function /where: 


( x 2 when a: < 0 

then deduce the range of the function and investigate its monotony. 

x when x ^ 0 


S3: Learn 


The Absolute Value Function 


the simplest form of the absolute value function is: 


It is defined as: 



f(x) = 



x when x > 0 

- x when x < 0 

Notice: 1-31 = 131 = 3, 101 = 0, ^ = 2 

i.e.: Ld ^ 0 , l-x I = Ixl , V x 2 = hi 
The function /is represented by two rays starting at point (0, 0) , the slope of the first = 1 and 
the slope of the other = - 1 . 

(Check: the range of / = [0 , °°[ , f is even, /is decreasing in ]-°° , 0[ and is increasing in 

]0, oc [ ) 

ij 1 Learn 


Rational Function 


the simplest form of the rational function is: 



the function / joins the number with its multiplicative 
inverse. It is represented by a curve whose symmetrical 
point is (0,0). The curve consists of two parts one of 
them lies on first quadrant and the other lies on third 
quadrant and each part approaches the two axes and 
doesnot intersect them 

(x = 0 and y = 0 are two approaching lines of the curve) 

(Check: The range of /= R - {0},/ is odd, / is decreasing 
in ]-°°, 0[ and is decreasing in ]0, °° [ ) 
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Try to solve 



Graph the function / where fix) = 


Ixl when x < 0 
-L when x > 0 


x 

From the graph, find the range and investigate the monotony of the function. 
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Geometrical transformations of the function curves 
First : vertical translation of the function curve 


Work together 


Work with your classmate 

1 ) Graph the curve of the function/ fix) = x 2 using 
Geogebra. 

Place the pointer on the curve vertex and drag 
it vertically upward for one unit. Notice the 
change of the function rule to express a new 
function whose rule is: 
f(x) = x 2 + 1 as shown in figure (1). 

3) Drag the curve vertex of the function to the 
points (0 , 2) and (0 , 3) then record your 
observations each time. 

4) Drag the curve of f(x) = x 2 vertically downward 
for two units and notice the change of the 
function rule to express a new function whose 
rule is : fix ) = x 2 -2 as shown in Figure (2) 

Think : Show how f(x ) = x 2 - 5 can be graphed 

using the curve of f(x) = x 2 ? 

Of the previous, we can notice that : 

If f(x) = x 2 , g(x) = x 2 + 1 and h(x) = x 2 - 2 , then : 

1 ) The curve of g(x) is the same curve of fix) by 
translation of a magnitude of one unit in the 
positive direction of y-axis. 

2) The curve of h(x) is the same curve af fix) by 
translation of a magnitude of two units in the 
negative direction of y-axis. 

Critical thinking : Use the curve of fix) = x 3 to 

show how the following curves can be graphed: 


□ 




A I 


4 j fs 
* • 


3JO 






m 




I • 


« r *k 

/ Jt »/. 


p 
- . 


Hi 


/ * 




g(x) = x 3 + 4 


ES 


Learn 


b hix ) = x 3 - 5 


drawing the curve of y = f(x) + a 


For any function f the curve of y = fix) + a is the same curve of y = fix) by translation of a 
magnitude of a unit in the direction of oy when a > 0 and in the direction of oy' when a < 0. 


28 
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Graphical representation and geometrical transformations 


l 


# 


Example 


5 The opposite figure shows the curves of the functions/, g 
and h where each of g and h are an image of the function 
/ by a vertical translation . Write the rules of g and h . 

Solution 

v The curve of the function g is the same curve of the 

function / by translation of a magnitude of three units in 

► 

the direction of oy' 

g(x) = f{x) - 3 '-'fix) = Ixl g(x) = 1x1-3 

the curve of the function h is the same curve of the function/ by translation of a magnitude 

► 

of two units in the direction of oy 

h (x) = f(x) + 2 '-‘fix) = Ixl h (x) = 1x1 + 2 

Try to solve 

3 The given figures show the curves of the functions / , g and h where each of g and h are the 
image of the function/ by a vertical translation . Write the rules of g and h in each figure. 









Second : Horizontal translation of the function curve: 


Work together 


Work with your classmate: 


1 ) Graph the function /:/(x) = Ixl using GeoGebra 
by writing the rule of the function in the enter 
box as follows: abs(x) and press enter then 
the curve of the function will appear in the 
graphical window and its rule is /(x) = Ixl in 
the algebraic window as in Fig (1) 
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2 ) Drag the curve of the function horizontally 
in the positive direction of x-axis for a 
number of units and notice the change of 
the function rule in the algebraic window as 

in Fig (2) 


a \ k f | / \* I w *•» I 

I ■* I • J * L-*- Uyi *\ -+-J V 

V; 






• • M 

• - *l 


Figure (2) 



3 ) Drag the curve of the function in the negative 
direction of x-axis for a number of units as 
in Fig (3). What do you notice? 

Think: Show how the two curves of the 
functions g and h are graphed using the curve of 
the function / where fix) = Ixl , g(x) = lx - 51 and 
h(x) = lx + 41. 





Learn 


Graphing the curve of y = / (x + a) 

For any function / , the curve of y = /(x + a) is the same curve of y = /(x) by translation of a 

► ► 

magnitude a of units in the direction of ox when a < 0 and in the direction of 0 x' when a > 0. 


Notice : In the figure opposite :/(x) = Ixl: 

1 ) The curve of the function g is the same 
curve of the function / by translation 

of a magnitude of three units in the 

► 

direction of ox 

g(x) = lx - 31 and the starting point of 
the two rays is (3, 0) 
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The curve of the function h is the same curve of the function/by translation of a magnitude of 

► 

two units in the direction of ox 1 

h(x) = lx + 21 and the starting point of the two rays is ( -2 , 0) 


# Example 


6 Use the curve of the function/ where /(x) = x 2 to represent each of the two functions g and h 
where: 


a g(x) = (x-2) 2 


b h(x) = (x + 3) 2 
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> The curve of g(x) = (x - 2 ) 2 is the same 
curve of fix) = x 2 by translation of 2 
units in the positive direction of x -axis 
and the vertex point of the curve is 
( 2 , 0 ). 



r The curve of h(x) = (x + 3) 2 is the 
same curve affix) = x 2 by translation 
of 3 units in the negative direction of 
x -axis and the vertex point of the 
curve is (-3 , 0). 




Try to solve 

4 Use the curve of the function / where fix) = x 2 to represent each of the two functions g and 
h where : 
a g(x) = (x + 4) 2 


b h(x ) = (x- 3) 2 



Write down the rule of the function /represented graphically in the following graphs : 



Critical thinking : If fix) = x 2 , show how the curve of the function g where g(x) = (x - 3) 2 + 2 
can be graphed. 

Graphing the curve of y = fix + a ) + b 


Of the previous , we deduce that : The curve of y = fix + a) + b is the same curve of y =fix) by 

► 

horizontal translation of a magnitude of a of units ( in the direction of ox when a < 0 and in 

the direction of ox 1 ' when a> 0) , then vertical translation of a magnitude of b of units 

► ► 

( In the direction of oy when b > 0 and in the direction of 0 y' when b < 0). 
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Try to solve 

6 Use the curve of the function/ where fix) = x 2 to represent each of the two functions g and 
h where : 

a g(x) = (x + 2) 2 - 4 b h(x) = (3 - x) 2 - 1 



# Example 


Applying the geometrical transformations on graphing the function 
curves 


7 Graph the curve of the function g where g(x) = — - — + 3, then determine the range of the function 

x - 1 

and investigate its monotony from the graph 


Solution 

The curve of the function g is the same curve of 

1 

the function / where j\x) = — by translation of a 


x 


magnitude of one unit in the direction of ox 

(a = -1 < 0), then translation of a magnitude of 

► 

three units in the direction of OY and the point of 
symmetry of the function curve g is the point (1,3) 
and the range of g = M, - { 3} 

Monotony of the function g: 

g is decreasing in ] - °°, 1[ and also decreasing in ] 1 

I 



00 f 


Critical thinking : Can it be said that /(x) = — — + 3 is decreasing on its domain ? Explain. 



Try to solve 



x - 2 


1 


7 Use the curve of the function /where /(x) = — and x # 0 to represent each of the following 


x 


a g(x) = 


1 


x + 2 


+ 1 


b h(x) = ^ x -3 

x - 2 


8 Write down the rule of the function represented graphically by the following graphs: 

c 



b 
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Remark: The curve of /(x) = x 2 + 4x + 1 can be graphed using the vertical and horizontal 
translation of the curve g(x) = x 2 as follows. 
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fix ) = A' 2 i 4.x i 1 by completing the square 

= (x 2 + 4x + 4) - 3 K K 

= (x + 2) 2 - 3 ifY" 

L - - J [1- 

i.e. the curve of the (given) function/is the same curve [__i f..i 

of the function g where g(x) = x 2 by translation of a 

► 

magnitude of two units in the direction of ox' , then 

► 

three units in the direction of oy 1 . The opposite figure 
shows that. 

Application : Graph the curve of the function f(x ) = x 2 + 6x + 7 using the vertical and horizontal 
translation of the function g(x) = x 2 , then investigate the monotony of the function f. 
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Third: The reflection of the function curve on x-axis 

The following grphs illustrate the reflection of the curves of some standard functions on x-axis. 
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What do you notice? What do you infer ? 



Learn 


Graph the curve of y = - /(x) 

for any function /, the curve of y = - fix) is the same curve of y = fix) by reflection on x-axis. 


# 


Example 


Applying the geometrical transformations on graphing the 
curves 



Use the curves of the standard functions to graph the functions g, h and z where: 

a g(x) = -(x - 3) 2 b hix) = 4 - lx+31 c z(x) = 2 - — — 

x -3 


o- Solution 

a The curve of g(x) is the reflection of the curve of fix) = x 2 

on x-axis, then horizontal translation of a magnitude of three 

► 

units in the direction of ox , and the vertex point of the 
curve is (3 , 0) and the curve is open downward . 
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b The curve of h(x) is a reflection of the curve of fix) = hi 

on x-axis, then horizontal translation of a magnitude of 3 

units in the direction of ox 1 and vertical translation of a 

► 

magnitude of four units in the direction of oy . The 
starting point of the two rays is point (-3 , 4) and the curve 
is open downward. 

c The curve of z(x) is a reflection of the curve of fix) = — 

x 

on x-axis, then horizontal translation of a magnitude of 

► 

three units in the direction of ox and vertical translation 

► 

of a magnitude of two units in the direction of oy and the 
symmetrical point of the curve is (3, 2). 

Try to solve 

Graph the curve of the function g in each of the following 
where: 

(a g(x) = 3 - (x+ l) 2 b g(x) = -(x-3) 3 c g(x) = 3 - lx - 51 

Check your graph using a graphical program or the graphical calculator. 




Fourth: Expanding the curve of the function 


^ Work together 

Graphing the curve of g(x) = a fix) 
work with your classmate. 

1 ) Graph the curve of the function / : fix) = x 2 using 
GeoGebra and type the function rule in the input box 
as follows: 

a H ► x * 2 

A new window will appear Figure 1) 

Select Create sliders 

2) Use the pointer of a values to select new values where 

1 < a and notice the motion of the function curve with 
respect to the curve of the function /for each xelas 

in figure (2) and when 1 > a as in figure (3) 

What do you notice ? what do you infer ? 
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ES 


Learn 


Graph the curve of y = a / (x) 

For any function / , the curve of y = a fix) is a vertical 
stretch of the curve of y = fix) if a > 1 and vertical shrinking 
of the curve of y = fix) if 0 <a < 1. 

# Example 

9 Use the curve of the function / where fix) = Ixl to 
represent each of the two functions g and z. 
a) g(x) = 21x1 (b z(x) 



=2 lx -71 + 2 


o- Solution 

a The curve of g(x) is a vertical stretch of 
the curve of the function /whose factor 
is a = 2 > 0. Thus, for each (x , y ) e / 
and (x, 2 y) e g 

b The curve of z (x) is the same curve 
of g (x) by horizontal translation of a 

magnitude of 7 units in the direction 

► 

of ox and vertical translation of a 
magnitude of 2 units in the direction of 





Try to solve 


10 Use the curve of the function /where fix) = x 2 to represent the two functions g and z : 
a g(x) = - ^x 2 b z (x) = 2 - i ( x - 5) 2 

Check your graph using a graphical program or calculator , then determine the range of the 
function z and investigate its monotony. 


Activity 

> Applying the geometrical transformations which you have learned in the previous algebraic 
functions on the sine and cosine functions. 


Trigonometric functions 

First: translation in the direction of x-axis: 

1 ) Use GeoGebra and prepare programs in a way that the graduation on x-axis is in radian, this 
can be done by doing a (right click ) on the mouse and choose the last line of x-axis and 
choose the graduation system (71). 

2) At the bottom of the program , type the order sin (x) then press (enter) then you get the shape 

of the red curve. 
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You can control the color and thickness of the curve by pressing the mouse (left click), the color, 
thickness and the type of the line-doted, slash or connected will appear upward the window. 

3 Use the same way and type the order sin (x + (3 1 71)) i.e.: y = Sin (x + iL), then press (enter) 

3 

and color the curve in a different color. 
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4) Compare the two curves. What do you notice? 

From the graph, we deduce that: 

The curve of the sine function is translated 
horizontally to the left side on x-axis with a 
magnitude equals -A. (as in real function), we 
notice that the range of the constant function 
[ - 1 , is the same range of the function Sin x . We also notice that the function 

Sin (x + —) is neither even nor odd because there is not symmetry to its curve around y-axis 

or origin point. 

Think : What do you expect about the direction of the x-translation if the rule of the function is 

sin (x - JL) ? 

3 

Second: translation in the direction of y-axis 

1 ) Graph the curve of the function /where y = sin x. 

2) Graph the curve of the function g(x) where g(x) = sin x + 2 

in different color, then compare the shape of the two curves. 

What do you notice? 

From the graph , we infer that: 

The curve of the second function is the same curve 
of the function sin(x) after translating it in a 
magnitude of 2 units upward. We notice that the 
range of the second function is [1 , 3]: because 
it is translated in a magnitude of 2 units in the 
positive direction of y-axis from the first function 
and the function sin x + 2 is neither even nor odd. 

Critical thinking : 

In each of the following 
graphs : describe the geometric 
transformations of the curve of 
the function /which graphs the 
curve of the function g, then 
write the rule of the function 
g, determine its range and 
investigate its monotony. 
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Exercises 1-4 





1 Graph the curve of the function / , then determine its range and investigate its monotony 


a fix) = j 

[ Ixl 

when 

/A 

o 

b fix) = J 

[ 4 

when 

x < -2 

1 

[ X 2 

when 

x > 0 

1 

lx 2 

when 

x ^ -2 

c fix) = j 

[ X 3 

when 

x < 1 

d fix ) = I 

f 1 

when 

x < 0 


l 1 

when 

x > 1 


1 Ixl 

when 

x > 0 


Choose the correct answer: 


2 The curve of g(x) = x 2 + 4 is the same curve of fix) = x z by translation of a magnitude of 4 


_ v 2 


units in the direction of : 
a ox b ox 1 


c oy 


d oy' 



The curve of the function g(x) = lx + 31 is the same curve of fix) = Ixl by translation of a 
magnitude of 3 units in the direction of: 

a OX b ox' c oy d oy' 


4 The curve vertex point /(x) = (2 - x) 2 + 3 is : 

a ( 2 , 3 ) b ( 2 ,- 3 ) c (- 2 , 3 ) 


d (-2,-3) 


5 The symmetry point of the curve of the function fix) = 2 - (x +1) 3 is : 


a (1,2) 


b (-1,2) 


c ( 2 , 1 ) 


d (2,-1) 


1 

6 The symmetry point of the curve of the function /where fix) = — ' — + 4 is : 

x - 3 


a (3,-4) 


(b (-3,-4) 


c (3,4) 


d (-3,4) 


Answer the following: 

7 Graph the curve of the function / where 
fix) = x 2 then translate in the direction of the 
two coordinate axes x and y as shown in the 
opposite figure. 

Write down the rule of the following funcitons: 
> g , h and z. 
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8 In the figure opposite : Graph the curve of the 
function /where fix) = x 3 , then translate in the 
direction of the two coordinate axes x and y. 

Write down the rule of each of the following 
functions: 

> g , h and z 



9 In the figure opposite : Graph the curve of the 
function / where fix) = Ixl then translate in the 
direction of the two coordinate axes x and y. 

Write down the rule of each of the following 
functions : 

> g , h and z 



10 Graph the curve of the function /where fix) = — , , then translate in the direction of the two 
coordinate axes x and y. 

Write down the rule of each function which the following curves represent: 



a /,(x) = x 2 -4 b / 2 (x) = (x- 3) 2 c ffifi) = (x- l) 2 - 2 


12 Use the curve of the function/ where fix) = Ixl to represent the following graphically: 
a f\ G) = 1x1 + 1 b / 2 (x) = lx + 21 c / 3 (x) = lx - 31 - 2 

> Then find the coordinates of the intersecting points of the curves with the two 
coordinate axes. 
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13 Use the curve of the function /where fix) = x 3 to represent the following graphically : 
a fi(x) = fix) - 3 b D fix) = fix- 2) ( c fix) = fix + 3) + 2 

> Then determine the symmetry point of the curve of each function. 


1 


14 If the function /where fix) = 

x 

the function curve : 
a g(x) = fix - 3) 


graph the function h and determine the symmetry point of 


b gix) = fix) + 2 c g(x) = fix - 2) + 2 

15 Use the curve of the function / where fix) = x 2 to represent the following graphically : 

a ffx) = 4 -x 2 b / 2 (x)= - (x - 3) 2 c / 3 (x) = 2-(x + 3) 2 

16 use the curve of the function /where fix) = Ixl to represent the following graphically. 


a ffix) = 2 - Ixl 
d ffx) = 21x1 


b fix) = -lx +51 
e ffix) = -2lx - 1 1 


c ffi x ) = 4 - lx -21 


' 4 w - — f fix) = 5 - 2 lx +21 

1 7 Graph the curve of the function / in each of the following using the proper transformations, 
then investigate its monotony. 


a ffix) = 


x 2 + 2 
-x 2 - 2 


when 

when 


x 


>0 


x < 0 


b fix) = 


x 2 + 1 when - 4 < x < 0 
- x 2 - 1 when 0 < x ^ 4 



1 8 Industry : An iron gate whose two sides are 3 meters high and 
its arc is in the form of a part of the curve of the function / : 
fix) = a ( x -2) 2 + 4 has been designed as shown in the opposite 
figure, find: 

a Value of a b Maximal height of the gate 

c Width of the gate 

1 9 Trade : A dealer pays 50 L.E for each ton getting in or out of his warehouse for loading or 
unloading the goods, write down the function representing the cost of loading or unloading, 
then represent it graphically. 

!0 Urban communities : rectangle-like pieces of land are specialized for youth housing in a 
new urban community. If the length of each is x meter and the area is 400 m 2 . 

a Write down the rule of the function/which shows the width of the piece of land in terms 
of its length, then represent it graphically. 

b From the graph, find the width of the piece of land whose length is 25 meters, then check 
algebraically. 
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=] You will learn 

► Solve the modulus 
equations graphically. 


First: Solving equations 



► Solve the modulus 
equations algebrai- 
cally. 

► Solve the modulus 
inequalities graphi- 
cally. 

► Solve the modulus in 
equalities algebrai- 
cally. 

► Model problems 
and life applications 
to solve using the 
modulus equations 
and equalities. 


In one figure, represent the two curves of the two functions / and g 

where /is a modulus function and g is a constant function graphically. 

Notice the graph , then answer: 

a How many probable intersecting points are there for the two 
curves of the two functions together ? 
b Do the ordered pairs satisfy the rule of each function of both 
functions if the intersecting points of the two curves are found 
together? 

Notice : 

1 ) At the intersecting points (if found) , fix ) = g(x) , and vice versa for 
each x belong to the common domain of both functions. 

2 ) For any two functions / and g, the solution set of the equation 


fix ) = g(x) is the set of x-coordinates of the intersecting points of their 


two curves as shown in the following figures: 


■ } Key Terms 


► Equation 

► Inequality 

► Graphical solution 
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Solution set = ((> 


Solution set = {a, b} 


Solution set = {a} 


Solve the equation : I a x + bl = c 


zz. 


Materials 


► Graphica calculator 

► Graph paper 

► Graphic programs 



Example 

1 Solve the equation : lx - 31 = 4 

o- Solution 

Let fix) = lx - 31 and g(x) = 4 
1) Graph the curve of the function 
fix) = lx - 31 by translating the 

curve of fix) = Ixl 3 units in the 

► 

direction of ox 


algebraically and graphically. 
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2) On the same figure , graph g(x) = 4 where g is a constant function represented by a straight 
line parallel to x-axis and passing through point (0, 4) 

V The two points intersect at ( -1 ,4) and (7 , 4) 

The solution set is {-1 , 7} 


Algebraic solution : 

From the definition of the modulus function : f(%) = 


When x > 3 : x - 3 = 4 
When x ^ 3 : - x + 3 = -4 

The solution set of the equation is { - 1 , 7 } this matches with the graphical solution. 


Try to solve 

1 Solve each of the following equations graphically and algebraically. 



x - 3 

when 

x>3 


x + 3 

when 

x< 3 

i.e. : x = 

7 e ]3, 

oc[ 

i.e. : x - 

-1 G ] - oo 

, 3] 



a Ixl - 4 = 0 


b Ixl + 1 = 0 


c I x - 7 I = 5 


Some Properties of the Absolute Value 


E3 


Learn 


1 ) labl = lal x Ibl for example : 
12 x - 31 = I - 61 = 6 and 


121 x I - 31 = 2 x 3 = 6 


2 ) la + bl < lal + Ibl 

The equality happens only when a and b have the same sign. For example : 
14 + 51 = 141 + 151 = 9 et I - 4 - 51 = I - 41 + I - 51 = 9 

3) la - xl = lx - al 


Notice : 

1 ) If Ixl = a then x =a or x = -a for each a e M, + 

2 ) If I a I = Ibl then a = b or a = - b for each a e IE , b e M. 

3) lxl 2 =lx 2 l = X 2 


Solve the equation: la x + bl = Ic x + dl 


Example 

2 Solve the equation lx - 31 = I2x + II graphically. 


C Solution 

Let /(x) = lx -31 and g(x) = 12 x +11 

The curve of / is the same curve of Ixl by 

translation of a magnitude of 3 units in the 

► 

direction of ox . 
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Vg(x) = l2x+ll = l2(x + ±)l 
/. g(x) = 2 I x + 1 1 

1 

The curve of g is the same curve of 21x1 by horizontal translation of a magnitude of - unit in 

► 

the direction of ox' and the intersecting points of the two curves of the two functions /and 
g are (-4,7) and (| , |) 

The solution of the function is {-4 , | } 



Try to solve 



Solve each of the following equations graphically. 
a lx + 71 = I2x + 31 (b lx- 21 + lx- 11 = zero 


# 


Example 



Find the solution set for each of the following equation algebraically: 
a lx + 71 = lx - 51 C b J x 2 + 6x + 9 = I 9 - 2x1 


r Solution 

3 v lx + 71 = lx - 51 
x + 7 = x - 5 
orx + 7 = -x + 5 
.'.x = - 1 


x + 7 = ± (x — 5) 

but 7 # - 5 (impossible). 

i.e : 2x = - 2 

i.e. the solution set is { -1} 


9 ) Remember 


if a, b e IE. and 
lal = Ibl 
then a = + b 


Check: 

by substitution x = - 1 in the two sides of the equation, we find : 
Right side = left side = 6. i.e. the solution set is { - 1} 



x 2 - 6x + 9 = 19 - 2x1 


(X-3) 2 =19-2x1 
then : x - 3 = + (9 - 2x) 
x - 3 = 9 - 2x , 3 x 

or x-3 = -9 + 2x 


i.e: .‘.lx -31 =19-2x1 


9 ) Remember 


For any real number 


= 12 


i.e. x = 4 
x = 6 


a: V a z = lal 


By substituting the values of x in the two sides of the function 
When x = 4 right side = left side =1 x = 4 is the solution of the equation 
When x = 6 right side = left side = 3 x = 6 is the solution of the equation 
I.e. The solution set of the equation is : { 4 , 6 } 
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Try to solve 

3 Find the solution set for each of the following equation algebraically: 



a be - 11-212-*! = 0 


(b V x 2 - 4x + 4 = 4 


Second : Solving the inequalities 


You have previously learned the inequalities and known that they are mathematical phrases 
containing one of the symbols : (< , > , < , 5 s ). Solving the inequality means that you find the 
value or the set of values of the variable which satisfy the inequality and make it true. 


Solving the inequalities graphically 

The opposite figures shows a curve for each of the two 
functions / and g where: y, =f(x) and y 2 = g(x) 
and the solution set of the equation fix) = g(x) is {a , b} 
I.e.: y t = y 2 when x = a or x = b 
We notice: y t < y 2 i.e. fix) < g (x) when x e ]a , b[ 

y t > y 2 ke. fix) > g (.y) when x g ] - 



°o , a[ U] b , °o[ 


# 


Example 



Solution set of inequality 

be +21 <2 
is : ] -4 , 0[ 


b 



Solution set of inequality 

12 x + 61 5 s 4 
is : ]- oo , -5] U [ -1 , oo [ 
i.e.: E - ]- 1 , 5[ 



Solution set of inequality 

lx - 21 < 3 
is : [-1 , 5] 



Try to solve 



Find the solution set of the following inequalities using the graphs in example (7): 


a lx + 2I< 2 b |2 x + 61 < 4 c be - 21 > 3 
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Solving the inequalities algebraically 


E3 


Learn 


First: if Ixl < a and a > 0 then -a < x < a 

Second: if Ixl ^ a and a > 0 then orr< - a 

# Example 

5 Find the solution set of the following inequalities in the form of an interval: 


a be - 31 < 4 


x 2 - 2x+ 1 ^4 


o- Solution 


a v lx - 31 < 4 i.e.. - 4<x-3 <4 Adding 3 to inequality 
.'.“4 + 3 x — 3 + 3 4 + 3 i.e. - 1 x 7 


the solution set = ] - 1 , 7[ 

v 7 (x - 1) 2 = lx - II 


i.e. lx- II >4 


x-1^4 , x^5 orx-1^-4 , x^-3 

x e M, - ] - 3 , 5[ 

the solution set of the inequality is ] - °o , - 3] U [5 , °°[ 


Remember (9 


for a , b and c 

if: a < b , b < c then 
a < c 

if: a < b then 
a + c < b + c 
a c < b c when c > 0 
a c > b c when c < 0 



Try to solve 


5 Find the solution set of the following inequalities in the form of an interval : 


a lx - 71 < 11 


b 13* + 71 <8 


x 2 - 6x + 9 ^ 8 


Critical thinking : Write down each of the following in the form of the absolute value inequality: 


a 4 ^ x ^ - 4 


b x ^ -2 , x ^ 2 


c 0 < x < 6 




applications 

Example 


Meteorology 

6 A meteorological station has recorded the temperature of Cairo on a day. If the temperature 
has been 32° in difference 7° from its normal rate on that day. What is the expected 
temperature recorded in Cairo on that day ? 

o Solution 

Let the temperature expected to be recorded in Cairo on that day = x° 

.-. lx - 321 = 7 i.e. x - 32 = ± 7 


44 
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then x = 32 + 7 = 39 or x = 32 - 7 = 25 
i.e. the temperature expected to be recorded is 39° or 25° 

Try to solve 

6 Athletic medicine : Basm's weight differs from his ideal weight for 5kg. What is his 
probable weight if his ideal weight is 60 kg.? 



# 


Example 


Want ads jobs 


7 A natural gas company employs the counter readers if their lengths range between 178 cm to 
192 cm . Express the possible lengths to those who take up this job using the absolute value 
inequality. 

o Solution 

Let the length of the person taking up the job = x cm 
.-. 178 < x< 192 

By adding - 185 to the parts of the inequality : 

178 - 185 < x - 185 < 192- 185 

-7 < x - 185 < 7 i.e. lx - 185 K 7 




Try to solve 

7 Write down the absolute value inequality which expresses the marks of a student in an exam 
that range between 60 to 100 marks : 


Activity 


Using the functions in solving life and mathematical 
problems Angle 

of Angle of 


Notice: If a light ray falls on a reflective surface whose pathway 
is subjected to the modulus function . The measurement of 
incidence angle equals the measurement of reflection angle. 

In addition , the pathway of the billiard 
ball before and after colliding it against the 
table edge. 

The figure opposite illustrates that 
the billiard player kicks the black 


incident ; reflection 



//////////////////////// 


ball considering ox and oy the two 
perpendicular coordinates and the ball's 
pathway follows the curve of the function f 
where: fix) = j lx - 51. Does the black ball fall 
in pocket B? Explain mathematically. 



8 units 
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Exercises (1 - 5) 



Complete : 

1 The solution set of the equation Ixl = t is 

2 The solution set of the equation Ixl + 3 = 0 is 

3 The solution set of the inequality lx - 21 ^ 0 is 


Choose the proper solution set from the following list for each equation or 
inequality : 

4 I x - 2 I = 3 

5 I x- 2 I < 3 

6 I x - 2 I > -3 





b R 

{-1,5} 

R - [-1, 5] 

[-1,5] 



c 

d 



7 I x - 2 I < 3 

8 I x -2 I > 3 

9 I x - 2 I = - 3 


Find the solution set for each of the following equations algebraically : 



10 I x + 3 I = 6 
13 I x - 3 I = I x + II 


11 I 2x -71= 5 
14 I2x + 1 I = I x - 31 


12 13-2x1= 7 



x 2 - 2x + 1 =4 


Find the solution set for each of the following equations graphically : 


16 lx + 4 I = 3 


17 I x - 1 I = I x + 3 I 


18 I 2 x - 5 I = 3 


Find the solution set for each of the following equations graphically: 


19 I x - 1 I < 3 


:o lx- 21 <5 


!l I x + 3 I ^ 2 


Find the solution set for each of the following equations algebraically: 


22 I2x - 1 1 > 3 


:3 I2x + 3K7 


14 I 3 x - 71 > 2 


!5 Roads : two roads; the first road is represented by the curve of the function / where 
/(x) = lx - 41 and the second one is represented by the curve of the function g where 
g(x) = 3. If the two roads get intersected at the two points A and B , find the distance from A 
to B known that the length unit represents 1 km only. 

:6 Write down the absolute value inequality which expresses the temperature measured by the 
medical thermometer and ranges between 35 0 and 42 °. 
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Unit summary 


QJMIft ©OODuDDDQCllF^ 

The function : is a relation between two non-null sets X and Y so that each element in 
a' has one and only one element of Y and the function is symbolically written in the form 

/: X > Y. The function is determined by the three elements; the domain , co-domain and 

the rule of the function. 

The function f is called a real function if each of its domain and co-domain are the set of the 
real numbers or a subset of it. 

The vertical line test : If a relation is represented by a set of points in a orthogonal 
coordinate plane and the vertical line intersects its graphical representation at each element 
of the domain elements at one point only, then the relation represents a function. 

3 Piecewise- defined function : is a real function in which each subset of its domain has a 
different definition rule. 

4 Monotony of function : the function f is increasing in the interval ]a , b[ if each of 
jtj and x 2 e ]a , b[ and X 2 > X v thcn /fAy) > /(a'j): 

The function /is decreasing in the interval ]a , b[ if each of x { , x 2 g ]a , b[ when x 2 > x l , 
then f(x 2 ) < f (x , ) 

and the function is constant in the interval ]a , b[ if each Aj , x 2 g ]a , b[ and a ' 2 > x^ , then 

f(x 2 ) = /(a,) 

5 Even and odd functions : 

Even function : it is said the function/: x * y is an even function if/(-A) =/( a) for each 

a and -a g X. 

Odd function : it is said the function/: x > y is an odd function if /(-a) = -fix) for each a 

and -a g X. 

Improtant properties : 

If each of j\ and f 2 are even functions and each of gj and g 2 are odd functions, then : 

1 ) / +/ 2 even function 2 ) g + g 2 odd function. 

3) / x/ even function 4) x g 2 even function. 

5) / x g 2 odd function 6) / + g 2 neither even nor odd function. 

6 Linear function : its simplest form isf(x) = x , represented by a straight line passing through 
the point (0 , 0) and its slope = 1 

7 Quadratic function : its simplest form is /(a) = a 2 , the curve vertex point is (0 , 0) and 
the equation of the symmetry axis x = 0. 

8 Cubic function : its simplest form is /(a) = a 3 and the symmetry point of its curve is (0 , 0). 
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9 Modulus function (absolute value function) 


The simplest form of the modulus function is fix) = hi and defined as follows: 

v , x ^ 0 
- x , x <0 

It is represented by two rays starting from the point of (0 , 0). The slope of the first ray 


fix) = 


= -l 


and the other = -1. therefore Ixl 5 s 0 , l-xl = Ixl and = Ixl 

1 0 Rational function : its simplest form is fix) = — and the symmetry point of its 
is (0 , 0). 


curve 


1 1 Geometrical transformations of the function f where y =/(x) and a > 0 are determined 
as follows : 

> If y = f{x) + a it is represented by translating the curve of f in the positive direction of 

y-axis in a magnitude of a 

r- If y = fix) - a it is represented by translating the curve of f in the negative direction of 

y-axis in a magnitude of a 

> If y = fix + a) it is represented by translating the curve of f in the negative direction of 

x-axis in a magnitude of a 

> If y = fix - a) it is represented by translating the curve of f in the positive direction of 

x-axis in a magnitude of a. 

> If y = fix ) it is represented by reflection of the curve of /in x-axis. 

> If y = a fix) it is represented by the stretching the two vertices of the curve/if a > 1 

and by shrinking the two vertices of the curve if 0 < a< 1 . 


12 Properties of absolute value: 

a I a bl = lal x Ibl b | a + b K I al + Ibl 

c If Ixl ^ a , a > 0 then : -a ^ x ^ a 

d If Ixl ^ a , a > 0 then :r^aor - a 

13) Solving the equation : for any two functions / and g, the solution set of the function 
fix) = g(x) is the set of the x coordinates of the intersecting points of their two curves. 

14) Solving the inequality: is to find the set of the values of the variable which make the 
inequality true. 
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General exercises 



^_Gen 8 ral exereises_t?^ 

1 In the following graphs, determine the range of each function, investigate its monotony and tell 
whether its even, odd or otherwise: 
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2 Find the domain for each of the functions defined by the following rules: 

a ffix) = 2x 3 +x + 3 b f 2 (x) = 2x 


<= /,«=4 4 

x z + 1 



x 2 - 2x - 3 J 3 

Use the curve of the function /where fix) = Id to represent the function g graphically and 
investigate its monotony: 

a g(x) = lx - 1 1 b g(x) = 2-1x1 c g(x) = lx + 21 - 3 

4 Use the curve of the function /(x) = x 2 to represent the following graphically : 


a gj(x) = x 2 -3 b g 2 (x) = 2-x 2 

Then find the equation of the symmetry axis of each. 


c g 3 (x) = (x - 2) 2 + 1 


5 Use the curve of the function /where fix) = x 3 to represent the following graphically 

a gj(x) = (x + 3) 3 b g 2 (x) = - (x - l) 3 c g 3 (x) = (x - l) 3 - 2 

then identify the symmetry point of the function curve. 

1 


6 Use the curve of the function / where fix) = — and x / 0 to represent the following 

X 

graphically : 
a / 1 (x)= ^+1 


d ff x ) = 

4 x + 3 


b f 2 (x) = X . 2 

' U X) = fij +1 


C = fij 


f / 6 (*) = — 
° X 
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Find the solution set of the following equations and inequalities graphically . 


a 

X 

LA 

II 

oo 

b 

1 x - 51 < = 3 

c 

lx + 31 ^ 2 

d 

lx - 11 = 1 x + 41 

e 

1 x + 41 < 2 

f 

V x 2 + 2x + 1 

Find the solution set of the following equations and inequalities algebraically 

a 

1 x - 31 = 4 

b 

1 2x - 31 = 5 

c 

I2x-5K7 

d 

15 - xl > 3 

e 

1 x - 1 1 = 1 2x + 31 

f 

1 x -21 -3 > 0 


> 3 


9 A dairy factory produces cans of weight x gram. To control the production quality, the cans 

pass on the production line which allows the cans to pass if lx - 16001 15. Determine the 

heaviest and the lightest cans that can be sold from the production of that factory. 

10 The figure opposite shows the function /where : 

/(x ) = ^ lx - 161 - 12 

choose the proper units of the two axes ox and oy then 
find the solution set of the function fix) = 6 graphically. 


Critical thinking : 

1 1 What are the possible values of a if the solution set of the inequality I x I ^ a is </>? What 
is the solution set of the inequality Ixl > a then ? 



12 The aviation speed of planes is measured during the normal aviation on air disregarding 
taking off and landing time. Express the aviation speed ranging between 700km/h to 
900 km/h using the absolute value inequality. 
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Acummulative test 


& 


Accumulative test 



1 Graph the two curves of the functions / and g where /(x) = x + 1 and g(x) = 5 - x, then find: 


2 Use the curve of the function/ where/(x) = Ixl to represent the function g where g(x) = lx - 1 1 - 2, 
then find the range of the function g. 


of the function , then tell whether it is even , odd or otherwise. 

1 

6 Use the curve of the function / where /(x) = — — to represent the function g 

x 

where g(x) = /(x) + 2 then write the symmetry point of the resulted function and investigate 
its monotony. 

1 

7 If the function/ where /(x) = — — , find the domain of the function f and the symmetry point 

x + 1 

of the curve of this function. 

1 

Solve the equation /(— — ) = 4 


a The two coordinates of the intersecting points of each curve with x-axis. 

b The two coordinates of the intersecting point of the two curves. 

c Area of the triangle determined by the two intersected straight lines and x-axis. 



3 Graph the curve of the function / where /(x) = 


x 2 for each -2 < x < 2 
6 for each 2 ^ x 


> Then determine the range of the function and investigate its monotony. 


4 In the figure opposite : 

a Write the coordinate of the curve vertex point, 
b Write the rule of the function. 

c Find the range of the function and investigate its monotony, 
d Write the equation of the symmetry axis. 




Graph the curve of the function / where fix) = (x - l) 3 and deduce the range and monotony 



x 

Find the solution set for each of the following graphically 


a lx- 4 I = 3 


b \x-4\>3 



Find the solution set of the following equations and inequalities algebraically : 


a lx + 5 I = 9 
d I3x + II >7 


b J 4x 2 - 12x + 9 =lx+ II c I2x-5I<7 
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Unit introduction 


The concept of logarithms had been used in mathematics early the 
Seventeenth century by the scientist John Napier as a method to simplify 

calculations to help navigators, scientists, engineers and others depend on to do their calculations easier by 
using the calculating ruler and logarithmic tables. They had benefited from the properties of logarithms by 
substituting the multiplying operations to find the logarithm of the product of tow numbers, by using the 
property of addition with respect to the property of log (xy) = log ( x -I- log y. Thanks to the scientist Leonhart 
Euler. In the eighteenth century, he connected the concept of logarithm with the concept of the exponential 
function to widen the concept of logarithms and connect with the functions. 


Logarithmic scaler can be used in various fields. For example, the decibel is a logarithmic unit used to 
measure the sound intensity and voltage ratio. Logarithmic scaler is also used to measure the power of 
hydrogen Ph( it is a logarithmic scaler) to identify the acidity of a solution in chemistry. 


Unit objectives 

Bv the end of this unit, the student should be able to: 


+ Identify the exponential function. 

Identify the graphical representation of 
the exponential function and deduce its 
properties. 

Identify the rules of the rational exponents. 

Solve an exponential equation in the from: 
a x = b. 

Identify the logarithmic equation. 

^ convert from the exponential form into 
logarithmic form aglabraically and vice versa. 

I dentify the graphical representation of the 
logarithmic function in limited intervals and 
deduce its properties. 


Deduce the relation between the exponential 
and logarithmic functions graphically. 

Identify the rules of logarithms. 

Solve logarithmic equations. 

Solve problems including applying the rules 
of logarithms. 

Identify the common logarithms of base 10. 
Find the value of logarithms using the 

c 

calculator. 

Use the calculator to solve some exponential 
equations. 







Key - terms 


/ z The n th Power 

/ z Base 

c Exponent 
z n th Root 

Rational - exponent 



Unit lessons 


Expontential Function 
Exponential Growth 
Exponential Decay 
Domain 
Range 



Reflection 
c Logarithm 

Logarithmic Equation 
Logarithmic Function 


Materials 


Lesson 1: Rational exponents 

Lesson 2: Exponential Function and its 
applications 

Lesson 3: Solving exponential equations 
Lesson 4: Logarithmic function and its 


Scientific calculator - geogebra-graph 


graph i cal re presen t at i on 
Lesson 5: Some properties of logarithms 



Unit planning guide 


Exponents and Logarithms 


Exponents 




converting from a 
form to another 


Logarithms 


function 


graphical 


rules of 


a logarithmic 


Gra^ihkal 

solving the exponential 

M Common 

representation 

equation 

logarithmic 


Application on the exponential 
function I growth - decay I 


Using calculator 


Life application 
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Unit Two 



2-1 

L 

Rational Exponents 



You will learn 

* Generalize the rules of 
exponents. 

» n th root. 

> Rules of rational expo- 
nents. 


Pf Key 


terms 


> The n^ power 
» Base 

> Exponent 
* n 1 * root 

> Rational exponent 



Materials 


» Scientific calculator 
► Graphic programs 



31* 


Preface 


You have previously learned the square roots of a non-negative real 
number and identified some properties of both cubic and square roots. 
You have also learned the integers and identified some of their own 
properties. In this lesson , you are going to learn the rational exponents. 

ra 

Learn 


SH 


Integer exponents: 



D 


2 ) 

3 ) 


For each a e R and for each n e Z, then: 

a" = axa*ax * a (where factor a is repeated n times). 

(a") is called the n ,h power of a. where a is called the base 

and n is called the exponent. We say a exponent n. 

o 


a = 1 
-i I 


-n 


I 


d — _ t fl — _i 

a a 


for all a € R - {0} 
39*0 


Properties of Integer Exponents: 


For each m and n e Z 


a m x a" = a 

k m 

— Q m - n 

n “ « 


m ► n 


a , b € R , b # 0, then: 

> (ab) n = a n b n 


a 

a 


^ .Ay" 

' ( k) 


a* 

b" 


> (a m ) n = a m " 

<3> Example 


1 ) Find the following term in the simplest form : (S> ' * 1 18) ‘ 

6 81 x(|6) 3 


O Solution 

The expression 


_ (2 3 )' 3 x (2 x 3 2 )2 _ 2 ’x2 2 x3 4 
3*x(2*Y» 3 4 x2 4 


2-V+2 + 8 y 14-4 

2 1 x3° = 2x I =2 
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2-1 


Q Try to solve 

1 Find the value of the following term in the simplest form: 



Prove that : 


3*18' 



Learn 


(27)' 3 x(I 2) 2 
16 x (81) 2 


The n th Root 

You have known that the square root of a number is an inverse operation of squaring this number. 
Similarly, the n ,h root of a number is an inverse operation to place the n ,h power of this number. 

Example: 


1 

If 

00 

II 

then 2 is the cubic root of 8 

i.e 

fs =2 

2 

If 

x 5 = 32 

then 2 is the fifth root of 32 

i.e 

fil =2 

3 

If 

x" = a 

then x is the n ,h root of a 

i.e 

f = x 


For any real number, a> 0, n € Z + - { I } , then a" = 7~a~ 
This relation is true when a < 0 and n is an odd number > I 
Example: 

( 16 / = fib - 2 (- 9 ) = f9 e R 

i 1 

- (27/ = -fTl = -3 (-243) 5 = f241 = -3 



o 


Notice 


r 


imtetH 
the root 


a * 


%>tnhol of the 
^root 

number imide 
the root 


& Example 

2 If x n = a , find the values of x in R (if found) in each of the following cases: 


a n = 5 , 

a = zero 

b n = 4 , a = 

81 


(c) n = 2 , 

a = -4 

d J n = 3 , a = 

-8 


O Solution 





a J when 

n = 5, a = zero 

then jc 5 = 0 

then 

X = 

b when 

3 

II 

■0 

& 

II 

00 

then x 4 = 8 1 

then 

JC = 

c J when 

n = 2 , a = -4 

then x 2 = -4 

then 

.V = 

d when 

n = 3 , a = -8 

then x 3 = -8 

then 

X = 


x = =0 

x = ± f&\= ±3 
x = ± f4 € R 


= f* = -2 


from the previous example, we deduce that: 
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if x n = a , then the values of x , which satisfy the equation become clear in the follow ing table: 


n 

a 

1 n | 

n e Z‘ - { 1 } 

a = 0 

fa = zero 

positive even integer 

a >0 

there are tow real roots ± ft 

positive even integer 

a <0 

there arenot real roots. 

positive odd integer, n / 1 

a € R 

there is only a real root /a 



Try to solve 


( 3 ) Find the values of x in each of the following (if possible): 

( a ) jc 2 = 36 (b I jc 5 = -32 (<0*3*125 

d ) j 4 = 1 296 (el *2 = -49 (0* 7 = -128 

(4) Critical thinking: use a numerical example to show the difference between the sixth root of 


a and VT. 



if n € Z' - {1} , m 6 Z‘ , 
Example: 

(16)2 =(/T6) 3 

V (-125) 2 = (VT-T257 ) 2 


ID _ m 

yfa €R then: a" = = (^a") 

= (4)3 = 64 

= (-5) 2 = 25 


^ Example 

( 3 Find each of the following in the simplest form: 

a 8 a 6 b 9 (b) ±J 64 (a 2 + 3)* 

o Solution 

a) -V 8 a 6 b 9 =- 3 J (2 a 2 b 3 ) 3 =-2 a 2 b 3 


b ± J 64 (a 2 + 3) 6 = ±J [8(a 2 ♦ 3) 3 1 2 

= ±8 (a 2 +3) 3 

Q Try to solve 

(5 Find each of the following in the simplest form: 

*0 V 625 a 12 ( b ^ -243 b 5 c ) ^128 (a + b) 7 
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Using The Modulus 

the modulus of a number is used if the index of the root (n) is an even number, then /a 7 
but if the index is an odd number, it is not necessary to use the modulus. 

W if n is even. 


= lal , 


^7 = 


. x if n is odd. 


^ Example 



Find each of the following in the simplest form : 


a v' 9x2 

<o i (2- /T) 4 


d i (i- /T) 


o Solution 

a y/ 9r 2 = V(3 jt)2 = 13*1 

b ^ -8.r' =^(-2r) 3 =-2 jc 

c ) V (2- /T) 4 =I2-/Tl = 2- /T where 2 > /T 
d y (1- /T) =11- /Tl = i/T - 1 w here /T > 1 



Try to solve 


(6 Find each of the following in the simplest form: 
a ( b 

y ( 2- /T) 3 d 



if neZ'-{l}, meZ'i /T € R 
Kxamplc: 7 * = , -^ = 4 5 

75 43 


then: 


y (jr - 2) 18 

y (2- /5 ) 4 

m 1 



the square of any of 
the two numbers (a) 
or (-a) Is a 2 





if n e Z - { I }, VT , ^17 are two real numbers, then: 
** y ab = y"a" * y"b" 




where b # zero 
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Example 



Find each of the following in the simplest form: 
(a /T *4 1 x 2'i fb 

V 2 x3 j 


32 5x 8^ 

f~4~ *\rw 


o Solution 

a ) the expression = 8 ‘ 

_ (2 3 )^x(2 2 >-‘ x 2 ~I 
(3 x 2) 2 x 3 2 

_ (2)3 x 2' 2 x 2 ^ 

3 2 x2' 2 x 3 2 


converting roots into rational exponents, 
factorizing each base into its primary factors. 

By simplifying 


= 2 $- 2 .$* 2 x 3 2-2 


= 2 mo x3 mo = I 


b the expression = 


_ 325 x 8 


i.xi 


48 16 x 

- (2 5 )|(2 3 )x l 

(2 2 )&(2 4 )x 4 
_ 2 3 x 2 2 

2 i x 2^ 


i 


converting roots into rational exponents, 
factorizing each base into its primary factors. 


= 2 3 * 2 * 2 ' 2 = 2 2 = 4 



Try to solve 

(j) Find each of the following in the simplest form : 
V~243~ x (§3 


a 


n x^T 


tTT x fT 
STxVT 


Solving the equations: 


<9> Example 

(6 Find the solution set for each of the following equations in R: 


a ) jc$ = 9 

C Solution 


1 b) (* + 1)3 = 8 

(■)*.* £ 

= 9 

By placing the third power of the two sides 

.*. (j3 ) 3 

-9 s 



= 9 y 

By taking off the square root of both sides 

S7 

= V*9 

.*. Id = 3 3 .*. x = ± 27 


.*. The solution set = {27, -27} 
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b (jr + | H =8 By placing the fourth power of the two sides 
U+ 1 ) 3 = 8 4 


(jc +1) = (i^8" ) 4 

/.jr+1 =2 4 x- 15 The solution set = {15} 



Try to solve 


(8 Find the solution set for each of the following equations in R: 

(a)jc2 = 32 (b ^1)5 =± 

d> Example 

( 7 Geometry: If the side length of the square whose area m is given by the relation L = m 2 
a Calculate the side length of the square whose area is 25cm 2 . 

b Calculate the side length of the square w hose area is 1 7cnr approximating the result to 
one decimal. 


o Solution 

( a ) L = 25^ = / 25* = 5 cm (b) L = 17^ =/TT ~ 4.12310 

By approximating to one decimal L ~ 4.1 cm 


Q Try to solve 

(9 If L is the side length of a cub whose volume P is given by the relation L = P 3 , find the side 
length of the cube whose volume is 27. 



Exercises 2 



(l Write dow n each of the follow ing in an exponential form: 

(a fT (b jrjr (c 

dJflTb 3 " e) Vlfi * 

2 W rite dow n each of the follow ing in a root form: 

(a) a 2 (b b’ (c 


2 /IT 

¥7 

¥7 

6y* 


d 8b‘* 




5 


i 


3 Find the value of each of the follow ing in the simplest form: 

( b ) (-32)^ (c 

rrx ¥T 


aj ( 16)4 


d)(i)W(i)i 


ST 


t 


4 

275 

I 

(2' 2 x 4 2 x 8-V 
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4 Find in the simplest form: 

a (a )' 3 

f (jti+jr*) 2 


b J /T" x 

e (.v 5 - y) (r + r 3 y 3 + y) 
9 (l 3 + 2 3 + 3 3 )^ 


5 Reduce each of the follow ing in the simplest form: 


a + 5/312 


d (27)^- 


(64 )' 


K I / 16 i 729 j 

» <»r > x <t) 

e /oT X y 0.216 x/U 


(fl) (125^x8|ix(15)* 1 

Choose the correct answer: 


h 


I6 4 ;* x9**j 
gt.| x |8‘*5 


6 if v a- = 9, then x e 



® >tf= 

a jf 1 

CO T = 

a ) xy 2 


lb) (27, -27} lc { 1 } 

(b ) -2 (c)y 

b ) -x (c ) Lr'l 

(b ) ± x y 2 (c ) Ldy 2 




If A = 


8, then x = 


a 4 


6 * x 6 * — 


* 


a J 1 



b 6 




c (3 2 + 4 2 ) 




2 

C (16) 3 * (8) 


) 

2 


f 



d 




d -Id 


dj .dv 2 ! 

w 



d J V"6 
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12 Find the solution set for each of the following equations in R: 


a x 


1.3 




128 


d) (*-5)2 =32 (•)3jT*=-| 


C >/P" = 27 

f -> 3*- 1 _ _ 16 _ 

”/y 




J3, Economy: if it is know n that the profit (r) of a bank on a sum of money (a) after (n) year 
is given by the relation r = (£)s -1 where c is the total money after n year. If Garnal has 

il 

deposited 10000 LE and after 3 years the sum of money becomes 12597. find the yearly 
percentage of the profit. 


^ Discover the error: 

a ) if ** = 4 . then * = 8 


15 Reduce the term: 
J6 Activity: 


b ^ =■* 


a 


ai ,r 


use the calculator to simplify the following operations (Round to tow decimals): 


a 75(121) 2 


/24s 


b Vl 7 

4 ' 

'^7) Trade: Mohammed has started a project to grow rabbits, if the number of rabbits at the 
beginning of the project was 75 rabbits and the number of rabbits in their reproduction has 

n 

followed the relation Z = 75(4.22) 6 where n is the number of months. Find the number of 
rabbits expected over 5 months.. 


18 Volumes: If the side length of a cube L is determined by the relation L = W w here V is the 
volume of the cube in cubic units. Find the side length of a cube w hose volume is 1331cm 3 . 


Creative thinking 
Volumes : 

/24s 


19 if the radius length of a sphere is r whose volume V is given by the relation 


a/lY 

i° nr = 4 An : 


A Find the radius length of a sphere whose volume is 27000 cm 3 . 

B calculate the change in the volume of the sphere as its radius length increases tw ice. 
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^ You will learn 

> Exponential function, 

* Representing the 

exponential function 
graphically. 

> Properties of the expo- 
nential function. 


^ Key terms 

► Exponential Function 

► Exponential Growth 

► Exponential Decay 



Materials 


» Scientific calculator 


» Graphic programs 


AMd mvour 
. * yinlormailnn A / 


the exponential 
function /tr) = a* in 
case a > I is called 
the growth function 
and is related to mans 

w 

life applicatins such 
as over population, 
and the hanking 
compound interst . The 
exponential function 
/lx>= a* in case 0<a<l 
is called the deca\ 

w 

function and is relatd 
to man> applications 
such as the half-life of 
the radioactive atoms. 





Exponential Function and 

its applications 


31* 


Preface 


In our daily life, there are a lot of situations that need very accurate 
calculations such as banking profits, over population, cell reproduction 
in some organisms and the half-life of the radioactive atoms and so on. 
These situations require the concept of the exponential function which 
we arc going to learn and investigate some of its properties. 



Learn 


Exponential Function 

if a is a positive real number a * I then 
the function: 

/where / R « R , A*) — a* 

is called an exponential function whose 
base is a 




In ailgehraic function: 

the independent variable 
(jr) is the base while the 
power is a real number. 

In exponential function: 

The independent variable 
(jr) is the power while the 
base is the real number 
and does not equal one. 


Verbal expression: Explain why the function A*) = (-3>* where x € R 
is an exponential function. 


Graphical Representation of the Exponential Function 


Example 


1 use the values of x e [ -3, 3) to graph in one figure a part of the 
curve of each of the following tow functions: 

A*) = 2 1 , g(.r) = 4) * 


o Solution 


X 

-3 

-2 

-1 

0 

1 

2 

A*> 

l 

8 

1 

4 

1 

2 

1 

2 

4 


8 

4 

2 

1 

1 

2 

1 

4 


3 

8 

i 

8 


we can deduce the next properties of the 
exponential function from the graph: 

1 the function f: fix ) = 2 r is increasing on its 
domain because (a > 1) 

the function g: g(x) = (^) l is decreasing on its 
domain because (0< a< I ) 

2 the range of both functions is R* 



l / 

1ST 

i 


J* 

n 
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2-2 


Exponential Function and its applications 


3 the curve of the function / /.x) = 2' is the image of the function curve g: g(jr) = by 
reflection on y-axis 


Q Try to solve 

1 Use the values of jc e[-2 , 2] to graph in one Figure the curve of each of the functions 


/,(*) = 2 \/ 2 (.x) = .V and/, (jc) = 4\ 


# Example 


2 if/ (jc) = 3 v , complete the following : 


(a /( 2) = lb)/( 


(b f(x +2) = X3* lc)/(jr)x/(.jr) = 


O Solution 


a /(2) = 3 2 = 9 


b /(.t +2) = 3** 2 = 3* x 3 2 = 9 x 3* 


c /(*) x f(-x) = 3* x 3 -* = 3*'* = 3 /rfo = 1 

Application on the exponential function: 



We can use the function /w here/n)=a( 1 +g) n to represent the exponential growth of a quantity a 
by a constant percentage g in equal periods which their number is n. ( discuss with your teacher 
how to deduce this relation). 

The compound interest 

To calculate the total sum C of an amount of money a invested in a bank giving an annually 
compound interest r ( percentage) for n number of year in division periods of the annual return 

into v period , then the sum of money is given by the relation : 


C = a(l 


A man has deposited 5000LE in a bank giving an annually compound interest 8%. Find the 
sum of the money after 10 years in each of the follow ing cases: 

A annual interest . B three months' interest. C Monthly interest. 


Solution 



a annual interest 


\ .v =1 


c = 5000 ( 1 + 0.08 )'° = 10794.62 L.E 


b three months' interest 


c = 5000 ( 1 + M)io*4 = ||()4 o.2 L.E 

4 




Wc inevr 
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Unit Two: Exponents, Logarithms and their Applications 

(c Monthly interest jc = 12 

c = 5000 ( I +i>M) ,0 » , 2 = H098.2 L.E 

I] Try to solve 

( 2 ) A man has deposited 1000LE in a bank giving a yearly complex profit 5%. Find the sum of 
the money after 8 years in each of the following cases: 

A ) yearly interest . B 6 months' interest. CJ Monthly interest. 



the function /:/n) = a ( 1 - r) n whose base is lesser than one and greater than zero can be used to 
represent the exponential decay in a constant percentage g in equal periods whose number is n. 

d> Example 

4 If the maximal production of a gold mine is 1 850 kg per year and this production starts to 
decrease yearly in ratio 9%: 

A write an exponential function representing the gold production of this mine after n year. 

B Estimate the paxluction of this mine after 8 years to the nearest kg. 


o> Solution 

a = 1850 , r = 0.09 

a the function of the exponential decay y(n) =( a - r) n 
J{n) = 1 850 ( 1-0.09)" 


b After 8 years (by substituting n = 8) 

.•./8) = 1850 ( 1- 0.09) 8 ~ 870 kg 

Q Try to solve 

3y if the marketing price of a car decreases according to the relation x = 1 5(XXX) (0.94)",where 
x is price of the car in L.E and n is the time in years from the moment of buying it . Find: 

a car price when it was brand new. b car price after 3 years of its buying date. 


64 " 
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Exponential Function and its applications 


2-2 


Exercises 2-2 

Graph each of the following functions, then find the domain and range of each and show 
which of them is increasing and which is decreasing. 

(■)>W = 2* ( b ) fix) = 3* c /U) = (y)' (d fix) = 2*'' 




(2 Compete: 

a ) the function / .fix) = 2" intersects Y- axis at point 

b ) the function /. fix)=2 1 ' x intersects Y -axis at point 

c if the curve of the function f: fix) = a* passes through point (1,3), then a = 

d the curve of the function /.fix) = 3* is the image of the curve of the function g: g(.t) = (^)* 
by reflection in 

e ) the function / where fix) = a* is decreasing if a € 

f the function / w here fix) = ( 2a f 1 is increasing when a e 

3 Population: if the population of a county by the end of year 2000 w as 4326534 1 populations 
and the rate of population increasing is 1.5% yearly: 

a find a formula to represent the populations of this country after n year from year 2000.. 

b use this formula to find the populations expected in year 2020 in case the increasing 
remains at the same rate. 

Investment : if a man has invested I000000LE in a project in a way that this a mount of 
money grows according to an exponential function with yearly increase of 6%, find: 

a A formula showing the grow th of this money after n year. 

b Estimate this money after 10 years. 

( 5 ) Find the sum of 8000LE deposited in a bank giving a yearly compound profit of 5 % for 7 
years. 

(6) Fish wealth : if the number of Salmons in a lake is increasing according to the function 
of the exponential growth f .fin) = 200 ( 1 .03)", where n is the number of weeks, find the 
number of Salmons in this lake after 8 weeks. 

V If fix)= 5 X \ Prove that ** )x **~ 0 = 1 

fix - 2) *fix + 1 ) 
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1 1 Unit Two 


2-3 

Solving exponential 

equations 


^ You will learn 

» Power function. 

» Representing the power 
functions graphically. 

» Properties of power 
function. 


Think and discuss 


Amiba reproduce by binary fission 
where one cell is divided into two 
cells after a certain period of time, 
then every new cell is divided into 
two other cells at the same period of 
time in the same conditions and so on. 



key terms 

► Power function 
» Graphical solution 


1 Find the number of cells resulted from one cell after nine periods of time. 

2 Find the number of periods of time required to produce 8192 cells 
out of this cell. 



Learn 


Exponential function 

if the equation includes one variable in the exponent, it’s called an 
exponential function such as ( 2 *'’ = 8 ). 

Solving power Equation : 

First: if a = a" where a e {0, I , - 1 }, then m = n. 

& Example 



Materials 


» Scientific calculator 
► Graphic programs 



1 Find the solution set for each of the follow ing equations in R: 
a 2 t ' 3 = 8 b 3' 2 = (— 


27 


o Solution 

( a ) •/ 2* +3 = 8 


2 * +3 = 2 3 



\ x + 3 = 3 

\ Solution set = {zero} 

.* y 2 = (Yf\x y 2 =3 3j 

*. x -2 = -3.r x + 3jt = 2 

\ 4* = 2 

\ Solution set = {-7 } 


thus, x = zero 


thusjc = 
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Q Try to solve 

1 Find the solution set for each of the following equations in R: 


second 


d> Example 


y* 1 = 25 


b 2 l ‘ Jf2 = J 




m , m _ . . 

if a =b where a, b «? {0, 1, -1 }>. 


either: 

or: 


1 • m = zero 

2- a = b when m is an odd number. 

3- a = ±b when m is an even number. 



Find the solution set for each of the following equations in R: 


a | 3-t-2 _ -jx < 2 


b 4 * 2 = 3 2 * 4 


o- Solution 

a V 3** 2 = T 2 

x + 2 = zero thus x = -2 
Solution set = {-2} 

( b ) •/ 4 X ' 2 = 3 2x ~* /. 4 x 2 = 3 2(x ' 2) 

4** 2 = 9** 2 

-t - 2 = zero thus x = 2 

Solution set = {2} 

HI Try to solve 

2 Find the solution set for each of the following equations in R: 

( a ) = 4**i b ) 2^*^ = 7**3 

0 Example 

3 If y(.t) = 2 X 1 , find the value of .t which satisfies fix) = 32 

o Solution 

V fix) = 32 2^' = 32 

2 xA = 2 5 jc+ 1 =5 

x- 4 Solution set = {4} 

HI Try to solve 

3 If At) = l x , find the value of x which satisfies A* + I ) = 49 
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Unit Two: Exponents, Logarithms and their Applications 


Solving the power Equations Graphically 

Example 


4 in one figure, graph the curve of each of the tow functions /, where /,( jr) = 2' and f 1 where 
/,(jc) = 6 - x, then find the solution set of the equation V = 6 - x from the graph. 



-2 

1 

4 

8 


-1 

1 


0 

1 

6 


1 

2 

5 


2 

4 

4 


3 

8 

3 


from the graph, the x coordrdinate of the intersection point equals 2 
the solution set of the equation = {2} 






Y 1 

n 



* 


\ 









\ 




i 





i 



/ 








/ 





5 


\ 

( 







J 

\ 





3 


/ 


\ 





z 











\ 

-Tj 

! -1 



3 

' 

' 

1 

1 


Try to solve 

( 4 ) use one of the graphic programs (geogebra) to graph each of the tow functions /,(.v) = 2 V 1 
and f 2 (x) = 3 in one figure. From the graph, find the solution set of the equation 2 vl = 3. 

<S> Example 


( 5 Biology: A microorganism reproduces by binary fission where the number of these organisms 
is replicated each hour because each cell is divided into two cells. If the number of cells at 
the beginning was 20000 cells, find: 

a Number of cells after 5 hours. 

b After how many hours does the number of cells get 2560000? 


O Solution 

the number of cells can be w ritten in the form of an exponential function. 
y|n) = b (a) n 

= 20000 (2) n where n is number of hours 


a Number of cells after 5 hours (by placing n = 5) 

= 20000 x 2 5 = 640000 cells 

b To find how many hours required to get 2560000. place J(x) = 2560000 
20000(2)" =2560000 By dividing by 20000 

2" =128 

2" = 2 7 thus n = 7 hours. 

§3 Try to solve 

( 5 ) Answer the questions mentioned in think and discuss page (66) 
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Solving exponential equations 


2-3 


(l Complete: 

a if 5 * 2 = i 



Exercises 2*3 


then .t = 






b if 3 r ' 2 = V 2 


then .t = 




c if 2**'= y ' 


then 3*’ 1 = 


d if 2 W = 32 


then x = 


e If the curve of the function /, where /,(x) = 3* intersects the curve of the function /, w here 
f 2 (x) = 4-x at point (k , 3), then the solution set of the equation 3 X = 4-.t is 


Choose the correct answer 


2 if 3* s = 9, then x = 




• 2 



b J 7 


c -3 


(3^ if 2* = 20 where n < x < n + land n is an integer, then n = 



d i .7 


a 1 


b 2 


c 3 


4 if 3 r = 9, then 3' * 1 = 


d 4 


a 5 


b 15 


c 27 


d 45 


^ 5 ) The number 5" + 1 + 5* is divisible by for all the natural values of .t. 


a 7 


b 6 


c 13 


d 17 


6 y if (3 ^ ’ t i 1Cn X ~ — 




a 2 


b 3 


c 4 



d 5 


(f) The two curves of the two functions fix) - 2* and g(.r) = 3' intersect at x = 


a I -l 


b 0 


c 1 


d 2 


8 Find the solution set for each of the following equations in R: 


a 3 T ' 4 = 9 




c ) 5** 2 = I 


b 2 v5 = — 
32 

d 3 W = 3 


Well I’ti^iru' ill iierprilC 
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e 2 x y 2 = 54 
g 2 1 *- 6 = 5* 2 
• J 2 X x 5 X = ^ 

K 4'- - 4 - 


f *yjr-5 = ^.tr-5 

h (-Y 2 = 

1 2 7 27 

D 4 r = 64 
1 (3r 5 =^- 


(9 Find the solution set for each of the following equations graphically: 



a J 3 r = 3 


c ) 3** 1 = 


b) y* 1 =5 
d ) 2v = T-f+ I 


Rounding the sum to one decimal 




40; Ifyf.r) = 2* , find the solution set for each of the following equations: 


a Ax) = 8 


I 






^1^ If A 'I = 3* ' . find the solution set for each of the following equations: 


a Ax) = 27 


b Av-l) = i 




3$ If Ax) = 7 l 2 . find the solution set for each of the following equations: 


a At) = 343 


b A2x) = 


JL 

49 




J3 Discover the error: Mohammed and Karem have solved the equation 2x2*= 1 6 as follows: 


Mohammed's Solution 


Karem's solution 


2 * 2 X 
4 X 

4 X 

• r 

♦ ♦ *A 


= 16 
= 16 

= 4 2 
= 2 


2 x 2 X 

:.2 X 

• 2 * 

• ♦ ** 

JC 


= 16 

= f = 8 

= 2 3 
= 3 




What is the right solution? Why? 


44 the number of marine organisms decreases according to the function of the exponential 


decay y =8192 ( 4 * ) n ' 1 where n is the number of weeks from now. Find: 
a The number of these organisms after 4 weeks from now. 


b After how many weeks does the number of these organism get 256? 
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Logarithmic Function and its 
Graphical Representation 


# 


Think and discuss 


Check the following exponential functions and try to solve each of them: 
if 2* = 2 , 2>’=4 , 2- = 3, then: 

1-r = 


V 2E 

IM | V MnMHMMMMMMtl 


2- The value of z is included between two consecutive integers which 

Notice that the value of y cannot be calculated directly such as x and z , 
so we need to the concept of a new function to calculated the value 
ofy. 


BBS: Learn 


Logarithmic Function 

if jc and a are two positive numbers where a # I , then the logarithmic 

function y = log x is the inverse function of the power function y = a-' 

a 

Kxamplc: if log 32 = 5, then 2 5 = 32 and vice versa. 

Verbal expression: 

If point (c, d) € exponential function y = a' , then: 

1 - point ( , ) € function y = log x. 

a 

£ 

2- The exponential form a = d where a e R + - { 1 } is equivalent to the 
logarithmic form 

<S> Example 

Converting into the logarithmic form. 

1 convert each of the following into the logarithmic form: 


a 3 4 = 81 

o- Solution 


b 2*i=i 



c 10 2 = 0.01 


h . 1 1 

b log 5 =- 2 


a J log 81=4 

3 25 

Verbal expression : Can we convert (-2) 4 

form? Explain. 


I c log 0.0 1 = -2 
to 

= 16 into a logarithmic 



2 


4 




You will learn 

► Definition of the loga- 
rithmic function. 

► Graphical representa- 
tion of the logarithmic 
function. 

► Converting from the 
exponential form into 
the logarithmic form 
and vke versa. 

* Solving some simple 
logarithmic equation. 

Key terms C ■ 

► logarithm 

► inverse function 

» domain 

► common logarithm 


Materials 



» Calculator. 
* Computer. 




HP 


log x = > * s called the 
a 

logarithmic form while 
a'= x is called the 
equivalent exponential 
form. Notice that (a) 
is a bositive base. 

If (*3) 4 = 81, then there 
is not a logarithmic 
form equivalent to it. 



71 
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Q Try to solve 

1 Express each of the following in a logarithmic form: 

a)l0 3 =l000 (bl8 =2 (c)b*=y where b € R* -{1} 

Common Logarithm 

it is the logarithm whose base is 10 and written without writing the base. I.e. log 7 = log 7 and 

r — r) io 

log 127 = log 127. The button h * in the calculator can be used to find the common logarithm 
10 

of any number. 

<5> Example 

( 2 convert each of the following into the exponential form: 

( a ) log 32 = 5 (b log I (MM) = 3 ( c ) log 1 = zero 

2 2 

o Solution 

( a ) 2 5 = 32 (b I io* = 1000 (c)2 /ero =l 


Q Try to solve 

2^ convert each of the following into the exponential form: 

(a) log 25 = y 0 I loglOO = 2 ( <0 | og 5 = I 

125 5 


Example 


Finding the values of logarithmic phrases 


3 Find the value of each: 

(a) log 125 (b) log 0.01 

5 

o Solution 

a Let log 125 = x and by converting into the exponential form: 

5 

5* =125 .'. 5* = 5 3 thus x = 3 


log 1 25 = 3 

5 

b Let LogO.OI = y (a common logarithm whose base is 10) and by converting into the 
exponential form. 

1 0> = 0.0 1 /. I0> = 10 2 

thus y = -2 logO.O I = -2 
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2-4 



Try to solve 

^3^ Find the value of each: 

a 


log 81 

3 


b) log ^32 


dP Example 

4 ) Find the solution set for each of the following equations in R: 


Solving the equations 


a log (*+5) = 3 
2 


b log 625 = x - 1 
5 


c log (.t+6) = 2 


I.e x > -5 (is the 


o Solution 

a ) The equation is defined for all the values of x + 5 > zero 
domain of defining the equation). 

By converting the equation into the exponential form 

jt + 5 = 2 3 jr + 5 = 8 

thus x = 3 

3 € the domain of defining the equation Solution set = {3} 

b The equation is defined for all real values of .r and by converting the equation into the 
exponential form . 

y ' = 625 ,\ y-' = 5 4 

x - 1 =4 thus x = 5 

Solution set = {5} 


c The equation is defined for all the values of .r which satisfy each of 

I.e the domain of defining the equation is ]zero , * ( - { 1 } 
and by converting the equation into the exponential form: 
x 2 = x + 6 x 2 - jc - 6 = 0 

(jt - 3) (jc + 2) = 0 

either x = 3 or ;t = -2 

Since x = -2 « the domain of defining the equation 
Solution set = {3} 

Try to solve 

Find the solution set for each of the following equations in R: 


t x *6 > zero 
x > zero 

. x # 1 



a log (3.V- 1 ) = I 
5 


(b l log 27 = jt + 2 

3 



c log 9 = 2 

■ C*-l) 
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Graphical Representation of the Logarithmic Function 

lf/|.t) = a' where a e R* •{ I }, then the inverse function of the function 

f is called the logarithmic function. I.e. y =log x 

a 

Relation between the exponential 
and logarithmic function 

The opposite figure represents the exponential function y = a' and 

logarithmic function y= log v. Study the properties of both functions for domain .range, monotony 

a 

and symmetry around the straight line v = x in one figure. 

& Example 

1 Graph the curve of each of the two functions v = log x and v =log v in one figure. 

2 ' i 

o> Solution 

we choose values of x the powers of the number 2 ( the base) {2‘ 2 , 2 1 , 2°, 2 \ 2 2 } 



jr 

log x 
log X 


X 

4 

-2 

2 


X 

2 

-I 

1 


I 

zero 

zero 


2 

I 

-I 


4 

2 

-2 



From the graph, you can deduce the follow ing properties for the curve of the logarithmic function: 


the domain = R+ , and the range = R 

the function y =|og x is increasing for each a > I and is decreasing for each 0 < a < I 

a 

Q Try to solve 

5 Represent the curve of the function y = log x graphically, then find the range of the function 

3 

and investigate its monotony from the graph. 

Example 

2 Life applications: A country applies a tax system where the financer pays the yearly dues 
according to the country’s system. 


A x ) = 


I0%.v 


when x <5(XX) 


, 10%.r + 100 log ( x - 4999), when x > 5000 


where x is the yearly net profit , find: 

a The tax dues that a financer whose yearly net profit is 3600 L.E. 
b The tax dues that a financer whose yearly net profit is 8000 L.E. 
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o Solution 

I a /3600) = 10% x 3600 = 0.1 x 3600 = 360 L.E 
' b /8000) = 10% x 8000+100 log (8000 - 4999) = 1 147.7 L.E 



Try to solve 

If a expresses the amount of money spent for an advertisement of a company in the year and 
y expresses the amount of money which the company gets after the sales of this year where 
y = 10 4 I 1 + 2 log (-L + I )]. Calculate y when a = 1 100 L.E. 


100 


1 Complete: 


AV" 


Exercise 2-4 


6 N 

W 


a The exponential form equivalent to the form log 27 = 3 is 

3 

b The logarithmic form equivalent to the form 3 wro = I is .... 


c logO.OO I = 


log 1 = 

2 

0 if log 1 28 = * + 1 , then * = 

2 


Wf 


(e J |f | 0 g 4 = 2, then * = 

X 

9 The domain of the function f: fix) = log x is 

2 

h The function /where/*) = log * is decreasing for each a 

a 

I The curve of the function / where/*) = log * passes through point (8, ... 

2 

j I If Log3 = .* and Log5 =v, then log 15 = (in terms of *,y) 

(£ Find the solution set for each of the following equations in R: 

( a ) log (* - 1 ) = 2 ® log (* + 2) = 3 ( C J log 9= y 

3 5 jr 

d log 8 = e log (* + 2) = 2 1 log 9 = 2 

X ♦ I X X 

3 Find the value of the following w ithout using the calculator. 


— Ml— «>—»—>•» 


) 


a 


c log 9 


d log 3 + log 2 


log I log 7 

5 7 3 6 6 

(4) Represent the function / in each of the following graphically, then find its range and 

investigate its monotony: 

a /*) = log * b fx) - log * c /*) = log x d /.v) = log (jr + I ) 

2 3 i * 

0 use the calculator to find the value of the following: 


a 


log 15 


c 4log7-51ogl3 


log 27 
2 

(6 If the cost of the annual subscription of a family in a social club in pounds follows the relation 
f(*) = 500 + 100 log (n *), where n is the number of subscription years and * is the family 
member. Find the value of subscription of a five -member family for the fourth year in this club. 
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Some Properties of 
Logarithms 



^ You will learn 

* using some properties 
of logarithms. 

► Solving logarithmic 
equations. 

» Using the calculator to 
solve the exponential 
functions. 

» Life applications on 
logarithms. 

• 1 Key terms 

» logarithmic equation 


In ihe previous lesson, you learned the concept of a logarithm and how 
to represent the logarithmic function graphically. Now, we are going to 
list some properties of logarithms to help you simplify the logarithmic 
expressions or solve the equations containing a logarithm. 

Learn 

Some Properties of Logarithms 

ifaeR -{1} .jc.ye R.then 

1 • log a = 1 
a 

For example, log 3 = I , log 1 0 = I 

3 

2 - log 1 = zero 

a 

For example, log 1 = zero , log 1 = zero 

5 

Try to prove 1 and 2 from the difinition of logarithms 


Materials 

► Scientific calculator 

► Computer with graphic 
programs 


3' Multiplication property in logarithms: 

log x y — log x + log y where x and y e R f 

a a a 

To prove the correctness of this property: 

place b = log x and c = log y 

a a 

From the difinition of logarithms, we find that: 
x = a b , y = a c 

then xy = a b x a c I.ejcy = a b + C 

By converting this form into the logarithmic form, then: 

log jc y = b + c 
a 

By substituting the two values of bandc, then log xy - log x+ log y 

a a a 

# Example 

( 1 Find the value of log 2 + log 17 without using the calculator. 

34 34 
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Some Properties of Logarithms 


o- Solution 

the expression log (2 x 17) use property (3) 

34 

= log 34 

34 

= 1 use property (1) 

f] Try to solve 

CO if log 7 ~ 2.8 , log 13 ~ 3.7, find the value of log 91 without using the calculator. 
2 2 2 

4 - Division property in logarithms: 

log — = log x - log y (try r to prove the correctness of this relation yourself) 
a y a a 

# Example 

(2 ) Find the value of log 50 - log 5 without using the calculator. 

D- Solution 

the expression = log ~ use the division property 
= log 10 = I use property (1) 

|] Try to solve 

2 Find the value of log 7 - log 3.5 without using the calculator. 

2 2 


5 - Property of power logarithm: 

log x • = n log x w here x > 0 (try to prove the correctness of the relation yourself) 
a a 

# Example 


3 Find the value of log 125 without using the calculator. 

5 

o> Solution 

the expression= log -'5 

= 3 log 5 use the property of power 

5 

= 3x1 =3 use property ( 1 ) 


Notice that: log (-M = - log x where x e R + 

_ a x a 

(J Try to solve 

C3 Find log 27 in the simplest form. 

V7 

(4 Critical thinking: is the domain of the function J{x) = log .t 2 the same as the domain of the 

a 

function g(.r) = 2 log xl Explain. 

a 
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— 


6 - Property of changing the base 

log x 

log x = — 3 — and proving the correctness of this property 

y log y 

a 

By placing: z = log x 

y 

y z s x by converting into the exponential form 

Z log y = log V the logarithm of the two sides is taken off for the base a 
a a 


log x 

then z = — — 

log y 

# _ .a 

Example 


l.e: log x 

y 


log x 

a 

log y 

a 


4 Reduce to the simplest form log I6x| 0 g 49 

7 2 

C Solution 


the expression 

_ log 16 v log 49 
log 7 log 2 


_ log 2* v log T- 
log 7 log 2 


_ 4 2 * 2 7 

log7 log2 


=4x2=8 


use property (6) 


use property (5) 


Q Try to solve 

(s) Find the solution of the example above by changing the base into another number but not 10. 


7 - Property of the multiplicative inverse. 


log a = l.e both log a and log b are multiplicative inverse of each other (try to 

b log b b a 

a 

prove the correctness of this relation ). 

# Example 


5 Find the value of + 

log 15 log 

^ Solution 

the expression = log 3 + log 5 

is is 

= log (3x5) 

is 

= log 15=1 

is 



without using the calculator. 

use property (7) 
use property (3) 
use property ( 1 ) 
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Try to solve 

Find the value of 


I 


1 


1 


log 30 log 30 log 30 

2 3 5 


without using the calculator. 


Simplifying the Logaritmic Experssions 


<S> Example 

6 Reduce log 0.009 - 

o Solution 

the expression 


^7 c a 

log-j^ + 3 log^ - log — to the simplest form 


* '°STW. • lo *l6 + lo * <2 >' • lo * 12 



= *16 xi25 „12 , 

108 '1000 27 8 I ’ 

= log 1 = zero 

Try to solve 

(7 y Reduce 4 log/T - log= 1 - log| - log ^ to the simplest form. 

Solving Logarithmic Equations 

& Example 

( 7 Find the solution set for each of the following equations in R. 


property (5) 
property (3) , (4) 
property (2) 


a J log x + log ( X + I ) = I 
2 2 


b log x + log x = 3 

2 4 


o Solution 


a The function is defined for each .t> zero and .t + 1 > zero 

I.e. x > zero (domain of defining the equation) 

log x(x + 1)= 1 
2 

jc(x+I) = 2 i 
x 2 + x -2 = zero 


use property (3) 

converting from the logarithmic form into the exponential form 
(jc + 2 ) ( x - 1 ) = zero 


Either x = -2 or x = 1 , and x = -2« the domain of defining the equation 
/. Solution set = { I } 

b The function is defined for each x > zero (domain of defining the equation) 


• • 


log x 

log + =3 

2 log., 4 


property (6) 



Well I mliiiuvi ii" I nhTprise 


Student book - first term 





Unit Two: Exponents, Logarithms and their Applications 


log x 

log x + — 2_ = 3 
2 2 

2 log x + log jt — 6 
2 2 


multiply by 2 

3 log x = 6 
2 


log x-2 
2 


x = 4 (converting from the logarithmic form into the exponential form) 
where x = 4 € the domain of defining the equation Solution set = { 4} 

Try to solve 

B Find the solution set for each of the following equations in R: 



a log (Zx + 1 ) - log (3.r - I ) = I 


b log x — log 2 

2 x 


Solving the Exponential functions by Using Logarithms 


* Example 


9 Find the solution set for each of the following equations in R rounding the sum to the 
nearest two decimals : 


a 2‘= 7 


o Solution 


b 1 = 5 jt 


aj 2 r = 7 

log V - log 7 


take off the logarithm of two sides 

x log2 = log 7 


x- 


]og7 

log2 


use the calculator respectively as follows: 


1 •"« 7 i v n 2 i * J B!n35H9c?? 

jc rr 2.8 1 The solution set = { 2 . 81 } 

(check your answer using the calculator) 2 3 C*"3 ans ^ ( = 





n 


i 




b 3 r * 1 = 5 ( 2 

(jt + 1 )log 3 = ( jc -2 ) log 5 
jc log3 - x log5 = - log3 * 2 log 5 

• x - - log3 - 2 log5 
log 3 - log5 

use the calculator respectively as follows: <9 


take of the log of two sides 

.t log3 + log3 = .r log 5 - 2 Log5 
x ( log3 - log 5 ) = - log3 - 2 log5 




m l ?.BCri35H922 


x ~ 8.45 


The solution set = {8.45} 
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(check your answer using the calculator) 




Try to solve 

8 Find the solution set of each of the equations to the nearest two decimals: 


a 7*= 2 


b 4 * -i _ y> 



Activity 


Mathematical and life applications 


10 Industry : If the working efficiency of a machine decreases annually according to the 
relation E = (0.9)" where E is the machine efficiency, E,, is the machine initial efficiency, and 
n is the number of working years of the machine. If it is know n that the machine is no longer 
used to work if its efficiency reaches 40%. How many years can this machine work before 
it stops working? 

o- Solution 

It's meant by reaching the efficiency 40% that 40% is calculated from the initial efficiency. 

0.4 Eq = (0.9) n E 0 divide by Eq 

0.4 = (0.9)" take off the log of two sides 

log 0.4 = n log 0.9 /. n = !°g 0 4 = 8.6967 1 8 

6 6 log 0.9 

l.e. the machine works more than 8 years and half a year. 



Application on the activity 

9 In the example above, find the machine efficiency after 4 years of its working date . 


© 


Exercises 2-5 


© 


choose the correct answer: 

CO log 8 = 

■ 2 


a 4 

b 3 

(c 16 

(d 10 

vC Log2 + Log5 

a 1 

b log 7 

c ) Log2.5 

(d 10 

v 3 / log VT = 

5 

( a ) 2 

b 5 

• T 

d -1 

4 if log3 = x , 

a x + y 

log 4 -y , then log 12 = 
b xy 

1* x - y 

d log.v + log y 



Well l-.niiiiuvi m- I nu-rprise 


Student book - first term 





Unit Two: Exponents, Logarithms and their Applications 


5 2 log 2 + 2 log 3 = 
6 6 






(a) 6 (b)36 

(®>2 


Id 12 

log 5 x log 2 = 

2 5 




(a ) 1 (b ) io 

(c f 


d zero 

log 2 x |og 5 x |og 3 = 
5 3 2 




(a) 30 (b ) 1 

cj zero 


1 d log 30 

Express each of the following in terms of log x and log (.t + 1 ) 


a log x (.* + 1 ) 

b trig _ X 
JC + I 

C ) log/7 (.T+l) 2 

Reduce to the simplest form: 




a log 54 - log 9 
6 6 

log 2 + log 3 
6 6 

C 

log 12+ log -j 
2 2 


d) log 48 + Log 125 - log 6 e * ' 



Log 1 25 


9 log 1 6 + log /T + log 0. 1 

2 3 


© 2 log a + log b + 2 log c - log /ab 

3 3 3 3 


( f Log49 + 3 log 7 
log 7 


log 3c 2 

3 




io Find the solution set for each of the following equations in R: 




a J log x + log (Jf +2) = 3 b ) log x + log ( x -3) =1 
2 2 


d ) log (x +3) - log 3 = log x •) — - — + — - 


log x log x 

2 3 


= 2 


l® log x - log 2 = 2 
5 5 

f log x - — - — = 2 


Logv 


1 1 Prove that log ax log b x log c x log d = 1 , then calculate the value of 

b c d a 


log 3 x log 5 x log 16 

2 3 5 


.A 


12 Find the value of x in each of the following, then round the sum to the nearest decimal. 


a 3'= 7 


b)5 rl = 2 


_ jt-2 

c 4x7 = I 


d 2* 3 * * =3 


t -i 




Activity 


Biology: If the volume of a sample of bacteria in a certain moment is 3 x I0 6 

and the volume of the sample increases according to the power function 

6 

v = 3 x 10 ( 1 .15)", find the volume of bacteria after 4 hours. 
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b a = 1 where a eR - {0} c a '' = — a " = — where a # 0 

n ,.n 


a a 


Properties of integer exponents 

for each m , n € Z and a , b eR , b# 0, then: 



b (ab)* = a" b" 



e ( a "»)» = a mn 


b b* 

2) The n ,h roots: 

The equation x" = a where a eR, n e Z has n of roots 
a n is an even number , a eR 

There are two real roots ( the rest of the roots are complex numbers) one root is positive 

while the other is negative and both are denoted by ± fT. 
b n is an even number , a e R- , the equation doesn't have real roots (all the roots are complex 
number). 

C n is an odd number, a e R , the equation has only one real root (the rest of the roots are 
complex numbers) and is denoted by Sa . 

(d ) n € Z' , a = zero 

The equation has only one solution which is zero (it has n of repeated roots and each 
root equal zero) 

3) Properties of n rh roots: 


a a " = Vrf* = (V7) m € R where a = R. nez + -{l}, mez and there is no common factor 
between m and n. 

b The rules of integer powers can be generalized on rational powers. 

6 The power function: if / R — »R 4 where /U) = a x for each a € R 4 - { 1 }, then / is called a 
power function whose base is a. 


if vT and v b € R ,then: 

( a V ab =/a~ x VTT 



c 



m 

m = a n 


d /a* - = a if n is an odd number and equals lal if n is an even 


number 


4' Rational exponents a n = ’/a” 

5) Properties of Rational exponents 


m 


■83 
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7 Properties of the curve of The power function 

( a The domain of the function = R ( b the range R 

c The function is increasing on its domain for each a > 1 and called the function of the 
exponential growth. 

d The function is decreasing on its domain for each 0 < a < 1 and called the function of 
the exponential decay. 

8 Exponential growth: The function / where fix) = a( 1 - g) n can be used to represent the 
exponential growth by a constant percentage in equal periods of time where n is the period of 
time, a is the initial value and g is the percentage of growth in one period of time 

9 Exponential decay: The function /whereyU) = a( 1 - g) n can be used to represent the exponential 
decay by a constant percentage in equal periods of time where t is the period of time, a is the 
initial value and g is the percentage of decay in one period of time. 

10 Logarithmic function 

a if a € R* - { I } , then the function y = log x is an inverse function to the power function y = a' 

a 

b a h = c, then b = log c (converting from the exponential form into the logarithmic form and vice versa). 

a 

c The common logarithm is logarithm whose base is 10 {notice that log = log 5} 

5 10 

1 1 Properties of the logarithmic function 

a 'Hie domain of the function =R + ( b The range = R 

c The function y = log x is increasing for each a > I and decreasing for each 0 < a < 1 

a 

1 2 Properties of logarithms : if a € R + - { 1 } 

log a=l b) log a= zero ( c ) log .d" = mlog x where .t>zero 

a a a a 

log x + log y = log x y where x, y > zero 
a a a 

log x - log v = log — w here x,y> zero 
a a' a-V 

log x 

log x = — - — where x > zero , a, b € R - { 1 } 
a log a 
b 

log .rx|og a=l 
a x 
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General exercises y" 

yly Complete the following: 

( aj if -X 4 = 16, then x = 

b 4 * = 

c If the curve of the function y = a* passes through point (-4,16) , then a = 

l^)ff | ■ ■ ' p »i !• ■■■ ■ I ' i t » ■ • . 

e The function / where fix) = a' is decreasing for all the value of x when a e 

f The curve of the function f:/(.v) = 2* is the image of the curve of the function 

by reflection in the straight line y = jc. 

9 The curve of the function y = 3* is the image of the curve of the function 

by reflection in y- axis. 

Ih) If 5 x ‘ 2 = 3 x ‘ 2 , then T 2 = 

• The curve of the function /where fix) - 2 X +l intersects y - axis at point 

ClJ If log x = 3, then log x = 

2 8 

Cfc) log 3 x log 2 x log 5= 

2 5 3 

I I + 1 

log 14 log 14 

2 7 

Find in the simplest form: 

a )2 r (fc (^2)0 ) * C c log 2 * + log ■?" 

2 2 

®) ( e ) log 5 x |og 3 ® log 40 - log 5 

r2 35 22 

^3) Find the solution set for each of the following equations in R: 

I a) jr = 9 ( b )3*- 2 = 7 j- 0 )| og (* + 6) = 2 

X 

d ) log — = -2 (e) log (x- I ) - log <*-2) = 2 (03 x *'=4 

5 X 22 

- 85 . 
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s n 72*5 x 4200 

4 Use the calculator to find the value of - — — , then round the sum to the nearest decimal. 
( 5 ) Represent each of the following functions graphically: 


( a )_/U) = 2 Jt ' 1 ( b ) g(.r) = ( 4-X»r ( c ) h(.r) = log x d ) R(jr) = log (x - 1 ) 

2 i 

Economy: 

6 The price of a perennial item increases 9% annually. If the original price of this item is 
1000LE, find: 

a A formula by which you show the price of that item after n year, 
b After how many years does the price of that item become tw ice of its price right now? 

7 The number of a certain type of animals in a country decreases a ccording to the exponential 
decay. If the number of this type of animals in I960 was 80540, then decreased in 2000 to 
be 53879 animals. 


a Write down a formula by which you show the number of this type of animals after n year 
from 1960. 

b Find the number of animals in 1985. 

c In which year can you expect this number reaches a half of their number in 1960. if the 
number of this animals keeps decreasing at the same rate? 

8 If log2 = 0.30 1 and log3 = 0.477, find the value of the following without using the calculator. 

{ 8 ) Log6 IbJ log y I c ) Log5 

9 Find the solution set for each of the following equations in R: 

Mr = 5 (b 3 ** 1 = 7 I c ) (If 2 = 9 

( d ) 5 1 -* =3 (e y-2_ 8 .«-i (0 2 * 5 * = 7 

® If Ax) = .V: 

a Prove that /(a) x/b) =/a + b) b Find the solution set of the equation fix + 1 ) = o’ 

1 1 Find the solution set of the equation 2' = I - 4" * graphically. 
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Accumulative Test 





^1 Determine the domain of each of the following functions: 

(a)/.v)=V jc - 2 (b fix) = x ~ 2 ( c ) gU) = log (x - 2) 

* 3 

(2 Graph the curve of each of the follow ing, then determine the range, investing the monotony 
of the function and its type whether it is even or odd. 

(b yu) = 3*-i 

(d E (x) = I - log x 

2 

I 1 

(b) (125)3 x(8l) 4 x (15)-' 

4 Find the value of each of the follow ing (without using the calculator). 

(a) (16)* (b| (c) (3* , ) 2 x9x($Tj5-)« r “ 


a yu) = (.v-2) 2 
(c g(.r) = 2 - Irl 
Reduce: 

r. 


( d ) Log5 + log-r 0 ) lo £ 'J= ( f ) 3 log 5 + log 

D ^27 3 3 125 

5 Find the solution set for each of the following equations in R: 

( a ) U - 21 = 5 (b)y-2_i 

( e ) jf 4 = -L (d ) |og.t = log3 + log 10 

6 Use the calculator to Find: 


a the value of x which satisfies 3* * 2 = 25 rounding the sum to the nearest two decimals. 


■» 750 

b the value of 

5 


'jy Which of the following functions represents a growth function and which represents a decay one: 


a y = 3 (1.05)* 
c ) v = 0.4( y)* 


b)y= 10(2.1)** 1 
d y = 0.2 (3) 1 '•* 



Well l-.niiiiuvi m;' I nierprise 


Student book - first term 





Unit introduction 


calculus is one of the modern branches of mathematics concerning with the 
studying of limits, continuity, differentation. integration and the infinte series. It is the 

J 7 J 7 7 c. 

science used to study the variation in the functions and their factorization. 

Calculus deals with numerous geometrical life application, trade and different science. Calculus is 
basically used to study the behaviour of the function and the change in it and to solve the problems which 
algebra and other sciences cannot deal with. 


(<$)) Unit objectives 

By the end of this unit, the student should be able to: 

Identify an introduction about limits. 

$ Identify some unspecified quantities like: 

— X - X Oxx 

0 oc 

43 Determine a method to find the limit 
of a function, by direct substitution, 
factorization, long division, and multiply 
by conjugates: 

Find the limit of a function using the rule 
lim -v" - a" = n a n-l 


45 Conclude the limit of a function using 

the rule: *‘ m x ' a = — a n ni 
-v - a ,- m - a"' m 

Find the limit of a function at the infinity 

r 

algebraically and graphically. 

45 Use the graphic calculators to check the 
limit of the function and the value of the 
limit. 

4i Identify various applications on the basic 
concepts of the function limits. 


v a x - a 







Key terms 

Unspecified Quantity 
c Undefined 

Limit of a Function 



direct Substitution £ Limit of a Function at Infinity 

^ Conjugate 
£ Polynomial Function 


Unit planning guide 


limits 




limit of a 
function 


introduction to 
limits 


Finding the limit of a 
function at a point 


direct 

substitution 


Finding the limit of a 
function at infinity 


factorization 


multiplying by 

long division 

3 the conjugate 


Theory of 

lim x " * a " - 1 




.r- a 


Unit Lessons 


lesson (3-1 ): Introduction to limits . 

lesson (3-2): Finding the limit of a function algebraically. 

lesson (3-3): Limit of a function at infinity. 


Materials 


Scientific calculator - Computer - Graphical programs for PC" 




You will learn 


► Unspecified quantities 

► Limit of a function at a 
point. 


Key terms $ * 

► Unspecified quantity 

► Undefined 

► Value of a function 

► Limit of a function 


Matrials 



► Scientific calculator. 

► Graphical programs for 
computer 



The concept of the function limit at a point is one of the basic concepts in 
calculus. This concept basicly depends on the behavior of the function at 
all of its definition points. To study such a behavior, we should identify 
the types of quantities in the set of real number. 


& 


Think and discuss 


Find the sum of the following operation, if possible: 
® 3x5 @28*4 

@4-9 4 7 + 0 

@0 + 0 @oo + 3 

© 


00 00 


8 oo - x 



Unspecified Quantities 

S3: Learn 


9 ) Remember 


oo is a symbol 

W 

that indicates 
an unspecified 
quantity greater 
than any real 
number that can 
he imagined. 


In Think and discuss above ,we found that some sums of the 
operations are identified completely such as 1 , 2, 3 while others can't be 
identified such as other operation. 

Notice: 7 + 0 is undefined where the division by zero does not make a 
sense. 

Now. you can't determine the sum of the operation 0 + 0 where there are 
an infinite numbers of numbers if multiplied by zero, then the product 
will be zero. Therefore, -jj- is unspecified quantity: 


— . x . x and 0 x x are from the unspecified quantities, (why?) 

X 



lo your information 




Mathematical operations are performed on the set of real numbers 
and the two symbols * and -« as follows: 


1 00 + j 

3 

X 

5 -oo X 


=X 

JL = o 

- X 

f 

-X , 


2 -x + j 

4 x x a 

if a > 0 
if a < 0 


= - X 



if a < 0 
if a > 0 
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3 - 



Example 


1 Find the sums of the 

following operations (if possible): 


a 4 + x 

( b) 3 - oo (c)0t3 

d -5+0 

e x + x 

CE) 0 *T 0 9 5 x X 

h . 6 x - 00 

C Solution 



a ® 

b - oc c () 

d undefined 

e 0 

f unspecified quantity 9 * 

h x 

FI Try to solve 



1 Find the sums of the 

following operations (if possible): 


( a ) 0 + (- 2) 

( b) 7 + 0 ( c 9 * » 

d x x 0 

e (- 7) x » 

( f J (- x) + 12 (9 » + x 

h x + x 


The limit of function at a point : 



Activity 


In the following figure: the graphical line of the function f defined in R according to the rule 
f(x) = 2 x + I . Complete the following tables , then answer the following questions: 



x gets near to 2 in the jc gets near to 2 in the left 

right direction direction 


Note: 

> What is the value which f(x ) gets near to w hen x gets near to 2 in the right direction? 


> What is the value which f(x) gets near to w hen .t gets near to 2 in the left direction? 


When .v gets near to the number (2) from right and left,y(.r) gets near to the number (5). We 

express that mathematically as follows: *' m (2 jc+1) = 5 

or-* 2 
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If the value of the function f gets near to a unique value L when .v gets near 
to a form left side and right side, then the limit of fix) equals L. It is written 

symbolically as: L ' m J(x) = L 

jr«-a ‘ 

and read as: Limit of fix) when x gets near to a equals L 


^^Example 


2 If f(x ) = l ~ ~4 t study the values of f(x) w hen .r gets near to 2. 

x-2 

O Solution 


X 

fit) 

2.1 

4.1 

2.01 

4.01 

2.001 

4.001 

i 

i 

2 

4 


X 

fct> 

1.9 

3.9 

1.99 

3.99 

1.999 

3.999 

i 

4 

2 

4 


,V > 2 


.V < 2 


from the right and left directions 
Notice: 


lim x 2 - 4 _ 


x-*2 x-2 


= 4 



1 2 3 4 x 


From the graph and data shown in the table above, we find that f(.v) ♦ 4 w hen x 


1- The hole in the graph illustrates a case of unspecified cases of when x = 2 (i.e. the 
function is undefined when x-2) 

2 - The presence of a limit to the function when x * 2 does not necessarily mean the 

function is defined when x = 2. 



Try to solve 

X 2 - 1 

If./U) = “ — r » then study the values of fix) when x gets near to (- 1 ) 

I 


Example 


3 Find the lim fix) in each of the following figures: 

x-*3 


Y 

4 


3 

2 

1 



P 1 2 3 4 5 
fig (1) 



1 

-1 






J 






l 

1 






1 

J) 






V\ i 

2 

4\| 


3 










fig (3) 
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o Solution 

Fig ( I ) Hm /*) = 1 

x— 3 

Fig (2) lim fx) = 1 (Notice that the function is not defined when x = 3) 

AT— 3 

Fig (3) lint yfr) is not existed 

X~* 3 

FI Try to solve 

Find the lim J[x) in each of the following figures: 
x-» I 




Fig (1) Fig (2) Fig (3) 


Fnmi previous examples we conclude that: 

The presence of a limit to the function w hen .t * a does not necessarily mean the function is 

defined w hen .r = a and vice versa if the function is defined w hen x = a, that does not necessarily 
mean the function has a limit when jc = a. 

Verbal expression; express by your manner the difference between the value of a function at 
a point and limit of that function at the same point. 


3-1 



Exercises (3-1) 



First: exercises on finding the limit graphically: 

1 ' From the graph, find: 

a) lim fx) 
x->() 

b ) fO) 



2/ From the opposite graph, find the follow ing if possible: 

( a ) lim fx) 
x->3 

b yu) 




; 





















1 . 









1 




1 u 

«■! 

-2 -1 

£ 


2 

l 

4 


' 




T 

r 
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3 From the opposite graph, find: 

a ) lim fix) 
x --2 

b A- 2) 

c ,im Ax) 

x-.() 

d ) yw 


/W 








- 

> 







4 


4 










w 

J 






















1 




X 

« 

-i 

> • 

J 



2 .1 

rd 

j 


: 

: 








-i 










1 J 










1 






(4 The opposite graph illustrates the function Ax) = 2 - .r 2 
Find: 

a) lim (2-x 2 ) 

b ) /<)) 


/(*) 



( 5 ) The opposite graph illustrates the function yU) = r - ~ ^ 
Find: 

a lim Ax) 

x -,-2 

•> A-D 



From the opposite graph, find: 
(a)/(0) (b) lim f(x) 

jc-»0 

(c)/(2) (d) lim f( x ) 

x-+2 
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Second: Finding the limit of a Function algebraically: 

( 7 ) Complete the following table and conclude lim fix) where fix) = 5 x + 4 

jc— 2 


X 

1.9 

1.99 

1.999 

► 

2 

4 

2.001 

fix) 




► 

? 

• 

4 




8 Complete the following table and conclude lim (3.V+I) 

*-.-1 


-0.9 

-0,99 

-0.999 

► 

- 1 

4 

- 1.001 

- 1.01 




» 

«• 

4 — 





Complete the following table and conclude lim 


jc 2 -! 
x + I 


X 

-0.9 

-0,99 

0.999 

► 

- 1 

fix) 




* 

t 

# 


1.001 


1.01 



S "V 1 

10 Complete the following table and conclude lim y ~ 

jt-2 Jr-4 


X 

1.9 

1.99 

1.999 

> 

2 

fix) 





* 

• 


2.001 


2.01 
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#1% #1% 



You will learn 

► Limit of a polynomial 
function. 



► Some theories of limits. 


In this lesson, we are going to identify some methods and theories to 
help us calculate the limit of a function at a point directly without a need 
for establishing tables and find the limit numerically or graph the curve 
to find the limit graphically. 


► Using long division in 
finding the value of the 
function limit 

> Using theory of: 
lim ^ = na r '* 1 

i . 


Key terms { • 

► Limit of a function 




Activity 


If /j(jt r) = jc 2 + 1 and f 2 (x) = 2 x + 3, find: 

1 - /,( I ) and lim f (x) (what do you notice?) 

X -.1 

2 - fJO) and lim /,(.*) (what do you notice?) 


jc-.0 


E 


Learn 


► Polynomial function 

► direct substitution 

► synthetic division 

► conjugate 


Limit of a Polynomial Function 



If fix) is a polynomial function and a e R 

then: lim fix) =fia) 
x—a 



Matrials 


Scientific calculators. 
Graphic program for 
Computer 


% 


Example 


1 Find the limit for each of the following functions: 

(a) lim (^-3^ + 5) (b I lim (-4) 

jc— . 2 jc-»3 

o Solution 

( a ) lim (jc 2 - 3jc + 5) 

*-.2 


= 4- 6 + 5 = 3 (direct substitution) 


b lim (-4) = -4 notice that fix) = -4 is constant for all the 
*“* values of are R 


Q Try to solve 

t) Find the limit for each of the following functions: 

( a ) lim (2* - 5) b lim (3JC 2 + x - 4) 

jc — . 1 x->-2 
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Finding the Limit of a Function Algebraically 


3 - 


1 

If lim j(x) = L 

lim X(x) = m 



0 

then: ' a 

x-*a 



*< 

1- hm K/x) = K.L 

where K e R 

2- lim 

\J{x) ± X(x)) = / ± m 


x-.a 


x-a 



3- lim J(x) . X(x) = L.M 

JC-aa 


4- lim 

x-»a 

J*L ~ L if M * 0 
X(x) M 


5- lim (J[x)) n = L n 

where L" g R 






Example 

( 2 ) Find each of the following limits: 


a lim 

X-.-I 


3x + 7 
x 2 + It - 5 


lim 

jr 


_ * 


o Solution 


a 


lim 


3jt + 7 


X-.-1 •* 2 + ^* 5 


lim 

b lim = £nL 

* 


lim (3x + 7) 

x-,-1 

lim (x 2 + 2t - 5) 

X-»*l 

tanx 


3x-l +7 
(-1 ) 2 + 2 (- 1 ) 


-5 


lim x 


4_ 

f n 





Q Try to solve 

X, Calculate the following limits: 

a lim ~ ^ 
x-*2 


D lim x Cos x 

x-tf 



If/U) = X(x) x 6 R - { a } 

and lim X(x) = / then lim J[x ) = l 
x-»a x-.a 


^^1 Example 

3 Find: Hm 

x— I 


x*-l 
x- I 


o Solution 

J | 

We notice that/x) = - is unspecified when x - 1 

x- 1 


by factorizing and dividing by similar non-zero factors, then 
f(x) can be written as: 
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Unit Three: Limits 



U-'” T) (x 2 + x + 1 ) 

U^F) 


-x 1 +x+ I 


= k(x) 

So far, we find that/x) = k(x) for each x £ I 

Since lim Jt(x) = 3 (polynomial) 
x-» I 

According to the previous theory, we conclude that 

lim ~.J. = 3 

x-* 1 


lim J{x) = 



jc— I 



Try to solve 

( 3 ) Find: lim 
jc -»-2 


** + 8 
x + 2 


Example 


4 Find: 

lim 
x~> I 


x 3 - Ir 2 + 1 
x* + x-2 


0 Solution 

We notice that the function of the numerator fix) = 0 by substituting 
x = I and the function of the denominator Q(x) = 0 by substituting x = 

1 . This means that the factor (x - I ) is common in both the numerator 
and the denominator. Due to the difficulty of factorizing the function of 
the numerator into one of its factors (x - I ), we use the long division in 
order to find the other factor of the expression x 3 - Zv 2 + I as follows: 


X- 1 

X 3 - 

Ir 2 

+ 1 

X 2 * X * 1 

X 3 - 

X 2 



0 - 

X 2 

+ 1 


- 

x 2 + x 



0 ■ x + I 
- x + I 



in the long division 
operation: 

(1) order all terms of 
the dividend and the 
divisor ascendingly 
or desccndingly in the 
same way. 

(2) Divide the 
first expression of 
dividend hy the first 
expression of the 
divisor and quotient. 

(3) Multiply quotient 
bv the adivisor and 

W 

subtract the product 
from the divisor to 
get the remainder. 

(4) Continue the 
same wav till 

W 

terminate the 

division operation. 


zero 


Therefore: 


lim (x - 1 ) (x 2 - x - I ) 
x-1 


(x- 1 ) (x + 2) 


= lim 

X-* 1 



© 


Try to solve 

a lim 

x -*2 


X 5 - x 2 - 5.v ♦ 6 
x- 2 


x 2 - x - 1 _ ! 

'3 


x + 2 


b lim 
x-,-3 


x 3 - IQx - 3 
x 2 + 2x - 3 
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Example 


Using conjugate: 

5 Find the following limits: 

a lim '/ x -7> - 1 
x -4 x -4 


lim 


x 2 - 5x 


jr-,5 Vx + 4 - 3 


o Solution 

Notice that:y(.v) = ^ - v - ^ is unspecified when x - 4 

x -4 

Therefore, we search for a method to get rid of the factor (at - 4 ) in both the numerator and 
the denominator. 


Hm {7 T-l y STT ♦ I 


jr-3- 1 


X -.4 


x - 4 


V~TT + I 


lim 


x 2 - 5x 


= lim 


= lim — 

jr_4 (jt - 4xvrrr + 1 ) 

x -4 

= lim _ 

x-,4 (Jt-4X/3TT + 1) 

= lim 1 = l 

X-.4 7TT+\ 2 

x 2 - 5x /xTT + 3 


x-»5 x'T 4*3 x-*5 fx*~4 * 3 i^x * 4 + 3 


= lim 
X -.5 


x(x - 5 ) (/ 7 T 4 + 3 ) 
x + 4 - 9 


*<x- 5 )(/x + 4 + 3 ) 


(x - 5 ) 


= lim 
x-»5 

= lim x</7T T + 3) = 5 (3 + 3) 
x—5 


= 30 



Try to solve 


f. 


v 5 Find the following limits: 

STT -2 


a lim 
x-*5 


x -5 


b lim r * 1 — 
X-.-1 7x7$ - 2 



lim ~ a — n a n * 1 


x-.a 


x-a 


Example 


6 lim ■fi- 


x' 9 -I 


x -* I 


X- I 


= lim 

X-* 1 


X 19 - 1 19 
X- 1 


= 19 x 1 '*=19 



Corollaries on the theory: 

« i* (x + a ) n - a n n • I 
1- hm ^ — - — — = n a 

x -*0 - v 


2 i« x n - a 11 n n * rn 
- lim V = —a 


x— a 


x m -a m 


m 


99 
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Unit Three: Limits 


^^Example 



7 Find: 



(a) lim < x + 5) 4 - 625 

b lim 

.r 5 - 32 

X-.0 1 

jc-*2 

x*-4 

c lim Fv 1 ) -1 

!. d lim 

(x * 4) 5 + 32 

x-0 x 

JC->2 

x- 2 


o Solution 





= lim (* * ^ ' — 
x-*0 * 

Urn 

x-0 x 

.. (jc - 4) 5 + 32 

lim 

jr— 2 x-2 


= 4 x 5 3 = 500 b = U “ = j- x 2 3 = 20 

x-,2 x 2 - 2 2 2 

= 1 lx | «M = || 

= lim 

jr-,2 (x-4)-(-2) 


= 5 (-2) 4 = 80 


Q Try to solve 

(6 Find: 

a lim * 4 ' **25 
X-.-5 x+S 

c lim — A + * ' * 
X-.0 * 


b lim 
h -.0 


(h + 3) 4 - 8 1 
h 



Exercises (3 - 2) 



Complete the following: 


® 

lim 

(3x + 1 ) = ... 

® 

lim 

x- 1 

x—2 


JC- 1 

x+ 1 


lim 

x 2 - x _ 

® 

lim 

x 2 - 4 _ 

X-*0 

X 

jc->2 

x- 2 

® 

lim 

jc 5 - a 5 _ 


lim 

*L 

1 

oc 

II 

W 

JC-aa 

jc- a 


X-.2 

x -2 

® 

lim 

.r 2 +x -2 _ 

8 

lim 

l 

£ 

II 

X — 1 

x-l 

vV 

x—2 

x- 2 

® 

lim 

x 5 - 32 


lim 

(ji±)5 = 

X- 1 

x—2 

X 3 - 8 

X —a 1 
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Finding the Limit of a Function Algebraically 




3-2 


11 


lim 

x-2 


x 2 - x-2 
2 x-4 


@ lim 

X-4-1 


x 7 + 1 
x 5 + 1 


Choose (he right answer: 

1 3' lim 1 * 1 equals: 

x-»() x 

(a ) 0 (b 1 

(c)2 (d ) has no limit 


^ lim _±_lL_ equals: 
x--l Jr+1 

a -l (b ) 0 

(c) 1 (d ) 3 


1 5 


lim 

x-2 


2^-8 

x-2 


equals: 


la 2 

c 6 


bj 4 
d ) 8 




Sin x 
x 


equals: 




bl2 

2 

d has no limit 


17^ lim . tan 1 . equals: 

„ f Y 

X-4 



bj 1 

d has no limit 


Find the value for each of the 

lim (x 2 -3x + 2) 
x-3 


following limits (if found) 

/A t: _ x 2 + I 


19 lim 

x— -2 


x- 3 




(2r - Sin x) 



x + I 

X 3 + 1 


@ lim Cos lx 




lim 


9 -x 


x— 9 x 2 - 81 


^ lim 
x-»4 


x 2 + 4 
x-4 


lim 

X-*-l 


x 2 - 1 
x^x 
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lim 

4x 2 - 64 

@ lim 


x—4 

x-4 

jc-*5 


lim 

x t -x-2 

@ lim 


X-»-l 

x + 1 

X-*-l 

30) 

lim 

x— -2 

JT 3 + 8 

ITT 

x N lim 

® H 


lim 

lx 2 - x - 6 

® lim 

x—2 

x 2 - x - 2 

x— -3 


lim 

(2x - I) 2 - 1 
5 jt 

^ lim 


x-0 

x-0 


lim 

/ x 2 _ 3x + 4\ 

$7) lim 

X-* 1 

x+ 1 x+ 1 ^ 

x— 1 


lim 

jt 3 +X 2 - 2 
x- 1 

^ lim 


x-l 

x— 1 


lim 

jc 3 + x-2 

ill lim 


x~> 1 

x 2 - 1 

x— 1 


lim 

/ 4x - 3 - 3 
x- 3 

4$ lim 


X-.3 

x—0 


lim 

/ 9x + 1 6 - 4 

lim 


x—0 

X 

x— 3 

46 

lim 

x 7 -l 

X - 1 

@ lim 


* — 1 

jc->2 

H 

lim 

x 3 -64 

@ lim 


x—4 

x-4 

x— 3 


lim 

x 7 - 128 

lim 

X-4 2 

2x -4 

jc->2 


lim 

2x* - 128 

® n, v 

x~>4 

x 2 - 16 


lim 

(x ♦ I) 9 - 1 

^ lim 


x—0 

X 

h-0 


lim 

(x + 2) 4 - 8 1 
x- 1 


X-* 1 




x 2 -25x 

x-5 

5x l + 5 
3^-3 

2jc 2 -x-3 
4 r -9 

lx 2 + 5x -3 
Jt 2 + x -6 

(x+1) 3 - 1 

x 

x 3 -x 2 + 2x-2 
x - 1 

jt 3 - Sjc 2 - x 

TTH 
/T -I 

X- 1 

/ITT - 1 

X 

Jt- 3 

/7 -/T 

at 4 - 16 
x-2 

X s - 243 
x- 3 

x 6 - 64 
jt 5 - 32 

32 x 5 - I 
16 x4 - 1 

(3 + h) 4 - 81 

6h 
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In our life and practical applications, we enormously need to know the 

behavior of the function fix) when x * «. The following activity 

shows that. 



Activity 

Use a computer program to graph the 

function / where: fix) = — and x > 0. 

x 

What do you notice in the curve if 
the positive values of jt increase to 
infinity? From the figure, we notice: 

> The more the values of x increase 
and gets near to infinity, the more 
the values of/.v) get near to zero. 

Therefore, we say that the limit of fix) equals zero when .t gets 
near to infinity. 







1 | | 






i 





















X 



1 

2 



2 4 













•1 










1 

















& 


Learn 


Limit of a Function at Infinity 



lim -L = 0 
*-♦* x 



lim JL = 0 
*_x x" 


{where n € IE. and a is a constant} 


Basic rules: 

> lim c = c . where c is a constant 

> if n is a positive number greater than 1 , then ,im x n = « 

X - X 

Notice that the theory (2) related to the limit of addition, subtraction. 

multiplication or division of two functions when .r * a studied in the 

previous lesson is true when .t — * » 



You will learn 


» Limit of a function at 


infinity. 

* Find the limit of a func- 
tion at infinity using 
algebraic solution. 

* Find the limit of a func- 
tion at infinity using 
graphical solution. 


* 9 Key terms 

» Limit of a function at 
infinity 



Matrials 


* Scientific calculator . 


» Pc graphical programs. 
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Unit Three: Limits 


Example 


1 Find: 

la) lim (1 + 3) 

x-*» x x-x 

> Then check graphically using a graphical program. 


b lim (4 - — ) 

jr 2 


o Solution 

(a lim (1 + 3) = lim _!_ + lim 3 

x_»x x jr-»x x Jt-*x 

=0+3=3 

lim (i + 3) =3 

JT-.X X 


b) lim (4 - -1) = lim 4 - lim _ 
jr-,oo x 2 x-*® x-. x x 2 

= 4-3 lim _L = 4-3*0 = 4 

X-.X X 2 

lim (4 - -1) = 4 

x-x x 2 



Try to solve 





a lim (A + 2) 

X-» X X 



lim (.1 + 5) 

x-x x 2 


Example 

2 Find: lim (x 3 + 4 x - 5) 


x 


■104a 
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Limit of a Function at Infinity 

J 


3-3 


o Solution 

lim (x 3 + 4x - 5 ) = lim .y 3 ( I + A - A), by taking off x 3 a common factor. 

X-*« X-*« x 2 x* 

— lim x 3 x lim ( | + — - A) = oo x | = x 

X-*<X X-»® X 2 X 3 

Try to solve 

2 ' Find each of the following limits: 

( a ) lim (x 3 + 7.x 2 + 2) ( b ) lim (4 - 3jc - x 3 ) 

X-.00 X -.00 



Example 


3 Find each of the following limits: 

a lim ^ (b lim ^ ^ I c lim ^ ~ 3 

x-.x 3 jt+I x-.» 3 jt+I x-.w 3 jr+l 

o Solution 

In all cases, divide both the numerator and the denominator by x 2 (biggest power of the variable 
x in the denominator). 


a lim 
x-.a> 


b lim 
x-.x 


c lim 

X-»® 


2x- 3 
3.x 2 +1 


lx 2 - 3 
3.x 2 + 1 


2.x 3 - 3 
3 x 2 +1 


lim ( = - A) 
* x 2 


'.X 


lim (3 + -V) 

X -00 r 


_ 0-0 
3 + 0 


lim 

x-»w 


* jr 2 


lin L (3 + 1 ) 

X-.W —T 

2-0 _ 2 * 

3 + 0 3 


li- ( 2„ . i) 


X 


lim (3 + K 

X-*» X 2 f 


00 -0 _ _ 
= X 


3+0 



We deduce from this example that: to find lim AA where both 

x_« XM 

fix) and g(x) are polynomial functions, then: 



> The limit gives a real number not equal zero if the degree of the numerator equals the degree 
of the denominator. 

> The limit equals zero if the degree of the numerator is less than the degree of the denominator. 

> The limit gives(*> or - » ) if the degree of the numerator is greater than the degree of the 
denominator. 
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Try to solve 

( 3 ) Find: 

la) lim S* 2 - 3 ** 1 
jr_oo 2x 

^^1 Example 

( 4 ) Find the following limits: 

a lim ~ 

X-.® 

o Solution 

a lim 

Jt-.® 

Y x- 


b lim • -V 

x ,x ax 4 +3X 2 -2 


c lim * * 

x-*® 3.V 2 + x - 2 


W 3 +l 


b lim ( x Vj^ + 4 ) 

X-.® 


x 3 - 2 
Ld 3 +I 


+ X 


# 

• • 


.x > 0 i.e. Lvl 
lim r * “ 


= v 


V-.® 


r’+l 



lim <1 


by dividing the numerator and the denominator by x 3 


t_ x 


_ I - 0 _ 


lim ( 1 + -*-) 


x 3 


1 +0 


= I 


x 00 

b ] lim (x -V xi + 4 ) 
x-.® 



_ jj m (x - V x* + 4 ) x (x + /x*"+ T ) 


X-.® 

= lim 


I 

x 2 - .v 2 - 4 


(x + Z^TT ) 


x-.® .t + V jc 2 + 4 
= lim d 



V X 


x-»® x + /3?+" 4 

X 


.x > 0 , = Lrl = x by dividing the numerator and the denominator by x 

lim -A 

lim — = — - 0 -0 


= vTx 2 


x-»® x + V x 2 + 4 lim (1 + 1 1 +-4_) 

* x V j 


I + I 



Try to solve 

(4) Find the following limits: 


a 


x-3 


lim 

x-»® V4 x 2 + 25 


b lim (V 3X 2 + 5x - /Tat) 

X-.® 
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Limit of a Function at Infinity 


3-3 



Complete the following: 

® lim ( I + 1) = 

® lim (-7) = 


.V-.OC 


2.t+l 


® lim 

* 

© lim At. 3 = 

jr-*oc or 3 - 5 

9 lim (3 - — + A) = 

x-.oc * 




Exercises (3 • 3) 



® lim (_L-2) = „.. 

X-X X 2 

4 lim (^-3) = 

6 lim - A .. 5 - = 

W X-.OC 

8 lim = 

X-*oc J X* - 1 

lim (/77T - *) = 

x-*> 


MIMMMMIMMietMMMM 




Choose the correct answer: 


1t 


lim J )X ^ equal: 
x-*oc + 3 


® 0 


b 2 

c 

3 

d 1 * 

® Um 4 






X-X 1 






a) 0 


b 1 

c 

2 

d x 

® lim 

JC-.00 

jc+ 3 
2 -jc 2 





a 0 


(b i 

c 

3 

2 

d x 

® lim 
x-.» 

x 1 * 1 
2x- 1 





a 0 


(b i 

c 

1 

< 1 : » 

® lim 

/ l+jc 





* 4jc - 1 





. .1 


•> 4 

c 

1 

2 

d 1 


Find the limit of the function at infinity 



lim 

.v-.x 

3 

l 3 " 

© 

lim 

jc-»x 

19 

lim 

.r 2 


lim 


X-X 

X 


JC-.X 


lim 

AT-.* 

2r - 1 
jr 2 -4.V + 1 


lim 

JC-.X 

H 

lim 

Ir 2 - 6 


lim 


X-X 

(Jf-I) 2 


X— a X 


4.T 2 

j?+T 

jr 3 - 2 


2 * _ ) 

UTW 


® lim ~ _ 7 £ 

2 +3.t 


lim 

x _x 2x z +x+4 


24 lim 


2 jc 2 - I 


jc_,oo 4.r'-5ac-l 

££ lim (_!_ - 

jt_»« 3 a 2 2+4: 


) 
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Unit Three: Limits 


28 lirn ( 


3-r 2 


jf_x 2*+l (x-3) 4 


■) 


29 lim 


- jr 




® lim (V 4.r2 -2x + 1 -2.t) 

jr-.* 


^ lim 


x* + x-l 


jr_*oc 8.V 2 - 3 


31 l' m W 5x2 + 4 x + 7 - ^ 5.r2 + .r + 3 ) 

or-.® 


/42s r 4 - 3.T 1 

.11 lim 

**^00 / 7 T 9 


Creative thinking 

A company produces post cards for a primary cost 5(XX) L.E and the cost of each card is half a 
pound. If the total cost is C = \ x + 5(XX) where x is the number of the produced cards. 

Find: 

1 ) The cost of the card when producing: 

( a ) l (XXX) cards b ) 1 (XXXX) cards 

2 Find the cost of producing the card when the company produces an infinite number of cards. 



Activity 


Use technology to find the limit of a function at a point (graphical calculator) 

Use the graphical calculator to graph each of the following functions, then find the limit of each 
function at the given point: 


a /.*) = x 3 w hen x = 0 
c j(x) = s ' _ — when x = 0 


b yu) = 


_^-l 


x - 1 


whenx= I 


O Solution 


a 


Use the graphical calculator to represent the curve of the 

function/.*) = .r\ 

From graph, lim /*) = 0. 

x0 


b Use the calculator to represent the curve of the function 

fix) (*-±) - 2 
jc- 1 

From graph, lim /.*) = | (note the hole at (I, I) 

x-1 

c Use the calculator to represent the curve of the function 

X 2 

From the graph, lim s * n ,~ t = 4 

x 0 * 
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Unit Summary 


Unit S ummar y 


> Mathematical operations on the set of real numbers and the two symbols » and -® are done 
as follows: 




x + a =» 


®- 


x + a = - oo 


® 


a 

x 


= a 


- X 


zero 



V 1 


4 x x a = 


-» . if a < 0 
® . if a > 0 



5 -oo x a = 


-« , if a > 0 
» .if a < 0 


If the value of the function / gets near to a unique value L when x gets near to a form left and 
right sides, then the limit of fix) equals L. It is written symbolically as: Lim fi x ) - l and 

m ^ 

read as: Limit of fix) when jr gets near to a equals L 

The presence of a limit to the function when x * a does not necessarily mean the function 

is defined when x = a. and vice versa if the function is defined when x = a. that does not 
necessarily mean the function has a limit when x = a. 


If lim fix) = L 
jt-»a 


lim (fix) = m. then: 

■T-.il 



1 

® 

® 


lim kyU) = K.L 

jf-»a 

lim fix ) . Q(jr) = L.M 
jr-»a 

lim {fix)) n = l n 
jr-»a 

limit of the function at infinity. 


where k € R (2] lim [/fr) ± Q(.r)) = / ± m 


jr-.a 


4 lim A x 1 . = A. 

(fix) ~ 


ifm^O 


.r-.a 


m 


where / " € R 


a_ _ 

v n 


= 0 {where n eR^ and a is a constant} 


(l) lim .1 = 0 (2) lim 

x X-.0C 

lim c = c , where c is a constant if n is a positive integer, then x n = « 

T-.® 


,r-.Qc 


> To find lim JAL where both/.v) and g(.v) are polynomial functions, then: 

x_x 

I he limit gives a real number not equal zero if the degree of the numerator equals the degree 
of the denominator. 

(2 The limit equals zero if the degree of the numerator is less than the degree of the denominator.. 
( 3 ) The limit gives(» or - * ) if the degree of the numerator is greater than the degree of the 
denominator. 

> to do a long division operation, we should consider the follow ing: 

1 Order all expressions of the dividend and the divisor ascendingly and descendingly in the 
same way. 

2 Divide the first expression of dividend by the first expression of the divisor and quotient is 
written. 

3 Multiply quotient by the adi visor and subtract the product from the divisor to get the remainder. 

4 Continue the same way till terminate the division operation. 
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Unit Three: Limits 






General exercises 


From the opposite graph, complete: 





Hr O) 

lim (jr 2 - 2) 

jr-0 


/()) 


2 Complete the following table and conclude 


X 

0.9 

0.99 

0.999 

► 

Ax) 




* 






^3 If the function /is defined as follows:/*) 


lim x 2 ’ * 
x - 1 *• I 


1 

4 

1.001 

1.01 

l.l 







' where x # 2 

x-2 

k when x-2 


form a table to investigate the function values when .r 


2. then find K if/2) = Hm x*-x-2 

x-*2 x-2 


Choose the correct answer: 


(4) 

lim . 

x ~ ' x equals: 

*-►() 

X 


a 0 

b 1 


lim 

~ equals: 


a 1 

(b 1 2 

® 

lim 

(VjZ+i -x) equals: 





a) -l 

(b 10 


c ) 2 

d 3 

[c >0 

d x 

(c 1 

d x 


Find value of each of the follow ing limits if found : 


© 

lim 

JC-.-2 

* +7 
jc+2 

® 

lim 

.V-* 1 

/T-i 

JC -1 

© 

lim 

x-*3 

x i -27 
jc- 3 


lim 

jr 2 - 6x -16 

@ 

lim 

x 1 - 128 

@ 

lim 

(jr+ l)'°-l 

*-»8 

jc-8 

x-,2 

x* - 8 

.t^O 

X 


lim 

JT-00 

3**- 1 
** + 1 

@ 

lim 

JC-.X 

7x* - 5 
3x l -x 


lim 

*-»« 

2x l + 5x+ 1 
3X 2 - 7 
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Cumulative Exam 




Cumulative Exam 




(l/ Place each fraction from the following algebraic fraction in the simplest form : 

x + 1 r- .v 2 - 25 h .v + 3 


a 


x 


X - X 




Is k.(.v) =k-, (.v) .if k. (,v) = 


x 2 + 2.v + 1 
2.v 

2 x + 8 


. k^ (x) = 


(x-5) 2 

x 2 + 4 x 
x 2 + 8x + 1 6 


x 3 - 9 x 


? Explain. 


(i) If k,(.v) = — - — . k 1 (x) = - . find k(x) - k.(x) + k-,(x) and show the domain of k 

x + 1 x - 1 





x + 1 


X - 1 


and show its domain 


© 

© 


1 | r 

Find the simplest form of the function e where g(x) = A + A 4 ~ and show its domain . 

,v 2 3 x 

Write the symbolic expression for the following mathematical phrase: 

If f(x) gets near to E (L e R) when x gets near to a. then E is defined as a limit of /tv) when 
x sets near to a. 


( 7 ) If fix) = - , study the values of fix) when x gets near to I . 

X - I 


8 If the function/ where /tv) 


x when x < 2 

x + 2 when x ^ 2 

Graph the curve of this function . then investigate the presence of hm /tv) 


x->2 


9 ) Give numerical examples to show the following: 


5? 


a Existence of limit of the function when x * I it does not necessarily mean that the 

function is defined at x = 1 . 

b If the function is defined at x = 1 it does not necessarily mean that there is an existence 

J 

to the limit of the function . 


10 / From the opposite figure, find : 


® J AO) 


fix) 



b] lim fix) 
X->() 


C J fi-2) 


,v 


lim A v) 
1 


Jly Find the following limits, if found: 
a lim b lim ^ A " 


X X 


2 .v + 5 


.V X 


1 - 


.V 


lim 

X - X X 



e lim v " ' ^ v 4 ^ 


.v 


.v 


f ) lim 

1 


/vTT -2 

.V - 1 
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]| Unit introduction ^^PMip^pi 

Trigonometry ( a latin term ) is generally one of the mathematics branches and of geometry particulary where there 
is a relation among the side lengths of the triangle and the measurements of its angles in the form of trigonometrical 
functions sine function , cosine function, tan function, ...) . Ancient Egyptians had been the first to practically use 
the rules of trigonometry. They had used these rules to build their pyramids and temples. Our knowledge about 
trigonometry is related to Greek who had originated the rules and theories. Beroni had produced a proof to the area 
of the triangle in terms of its side lengths. Western civilization had known Euclidean geometry via Arabs. Arab 
people had a long history in trigonometry . They had used the six trigonometric ratios where Altabani had discovered 
the special relation of the spherical right-angled triangle and the rule of finding the rule of sunrise. 


Trigonometry has a lot of life applications in calculating distances and angles used in constructing the buildings, 
playgrounds, roads and industry of engines and electrical and mechanical appliances. Furthermore, Trigonometry is 
used to calculate geographical and astronomical distances and the exploratory systems of satellites. 


Unit objectives 

By the end of this unit, student should be able to: 


<$> Identify the sine rule of any triangle that 
states in any triangle the side lengths are 
proportional to the sine of the opposite 
angles. 

<$> Use the sine rule to find the side lengths of any 
triangle. 

<$> Use the sine rule to find the measurements 
of the angles of any triangle. 

<$> Deduce the relation between the sine rule 
of any triangle and radius length of its 
circumcircle. 

<$> Deduce the cosine rule of any triangle. 

<S> Use the cosine rule to find the unknown side 
length in the triangle. 


Use the cosine rule to find the unknown 
measurement of an angle in the triangle. 

Use sine and cosine rules of any triangle to 
solve this triangle: 

<$> Use the calculator to solve various exercises 
and activities on sine and cosine rules of any 
triangle. 
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Key terms 



Trigonometry 
: Sine rule 

z Cosine rule 
Acute angle 
Obtuse angle 


Right angle 
z Shortest side 
Longest side 
Missing length 
UnKnown angle 


Smallest angle 
z largest angle 
: The area of the triangle 

The side lengthes of a Triangle 
z Opposite angle 


P Unit lessons 






Lesson (4-1): Sine rule 


Materials 


Scientific calculator 


Lesson (4-2): Cosine rule 



fmh Unit planning guide 





Cosine rule 





Geometric 
and daily life 
application 


Finding an 
unknown 


Finding the 
measurement 
of an unknown side length 

angle in a j n a triangle 
triangle 





Geometric 
and daily life 
applications 


Finding the Fjndjng 

an 

measurement side 

of an unknown , ength in a 

angle in a , riang |« 
triangle 




Solving the triangle generally 





if given its three 
side lengths 


if given lengths of two sides 
and the measurement of the 
angle included 



if given the 
measurements of two 
angles and a side length 
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Preface 


► The sine rule of any triangle. 

► Using the sine rule to solve the 
triangle. 

► Modeling and solving math- 
ematical and life problems using 
the sine rule. 

► The relation between the sine 
rule of any triangle, the radius 
length of the circumcirde of this 


You have learned how to solve ihe right-angled triangle. Now you 
are going to deal with triangles that don't have right angles to learn 
how to find the side lengths and the measurements of the angles of 


such triangles. You already know that each triangle is made up of sex 

O J I 

elements- three sides and three angles. If any three elements are given- 
a side length is to be involved at least, you can find the other three 
elements by using the sine and cosine rules. Here . we can say that we 


can solve the triangle. 


triangle and solving problems 
on it. 



Learn 


• J Key 


terms 


► Sine Rule 

► Acute Angle 

► Obtuse Angle 

► Right Angle 


materials 


► Scientific calculator 

► Graphical program 


9 ) Remember 


The inscribed angles 
which subtends 
the same arc in a 
circle are equal. 

The inscribed 
angle drawn in a 
semicircle is right 
angled. 


The sine rule 

The following figures represents three type of triangles. 

Acute-angled Obtuse - angled Right- angled 



Figure (1 ) 

rntzlA) = in(Z D) 




B 


Figure (3) 

m(zZ A) = 90 


in figure (1) where A ABC is an acute-angled triangle sin A = sin D = — 

2i 

h • c 

Similarly, we can deduce that: sin B = — and sin C = — 

2r 2r 

In figure (2) where A ABC is an obtuse-angled triangle at A 


Notice: sin A = sin ( 1 80° - D) = sin D 
sin ( 1 80° - D) = sin l)| 


o 


Nollie 


► 


sin D = — 


.'. sin A = — 


2r 


2r 


Similarly, we can deduce that : 
sin B = — and sin C = — 


a , b , c are symbols 
of the side lengths: 

ic, AC, AB in AABC 
respectively. 


2r 


«Check it with your teacher» 
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Now: try to prove the same previous relation in A ABC which is right - angled at A 
In gener al The sine rule in A ABC states that: 

— — = —5— = -JL - = 2r where r is the radius length of its circumcircle. 
sin A sin B sinC 

i.e. In any triangle , the side lengths arc proportional to the sines of 

the opposite angles of these sides 


^ Self learning 


Prove the sine rule in different wavs 


Use the sine rule to find the side lengths of any triangle.: 

< 3 > Example 

1 In the triangle ABC. If m (Z A) = 75°. m(zZB)= 34° and a = 10.2 cm. Find each of b and c 
to the nearest integer A 

O Solution 

v m(ZA) + m(ZB) + m(ZC) = 180° 


.-. m(ZC)= 180° -(75° + 34°) 
= 71 ° 

Use the sine rule to find h and c 


a 


c 



B 


b = 


sin A sin B 
10.2 x sin 34° 

sin 73° 


sin C 
6cm 


sin 75 

Use the calculator 


sin 34 


sin 7 1 


D®OCE)®®CE)®®®®®CE)CE - < - 


10.2 x sin 71 

c = ~ 10cm 

sin 75° 


Use the calculator 



®®0®®®®CD®®®’«i«)®C£l®®® 

Try to solve 

(0 hi the triangle ABC. if m(zZC) = 61°. m(Z B) = 71° and b = 9 1cm. find each of a and c. 


Remember ( 9 


Finding the length of the longest side in the triangle 

Example 

2 Find the length of the longest side in the triangle ABC in which m 
A) = 49° IT. m(Z B) = 76° 1 7' and c = 1 1 ,22cm to the nearest 


two decimals . 


The longest side of 
a triangle is the side 
opposite to the largest 
angle and vice versa 
the smallest angle 
in a triangle is the 
angle opposite to the 
shortest side. 
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Unit 4: Trieonometrx 


Solution 

v m(ZC)= 1 80 c - 1 m(ZA) + m(ZB)l 
= 180 °- (49° ir + 76° 17' ) = 54° 32' 

The longest side is opposite to angle B. i.e. the required is to find b. 
. . b c . b 1 1 .22 


sin B sin C 


sin 17 76° sin 32' 54' 



. , 1 1.22 x sin 17’ 76° ., 

. . b = ~ 1 3.38cm 

sill 54 32’ 

Try to solve 

v 2y Find the length of the shortest side in the triangle ABC in which m(Z A) = 43°. m(Z B) = 65° 
and c = 8.4 cm. to the nearest decimal. 

Solving the triangle using the sine rule 

Solving the triangle means that we find the measurements of its unknown elements if three 
elements of the six elements are known in a condition that one of those known elements is to be a 
side length at least because the triangle can not be solved if the measurements of its three angles 
are known only. The sine rule enables us to solve the triangle if the measurements of two angles 
and a side length are known (given). 

Solving the triangle if the measurements of two angles and a side length are given 
(known): 

Note: To solve the triangle ABC if the mesurements of both angles B and C and the length of a 

c c c 

are known, we follow the next steps: 

1- We use the relation m(Z A) + m(ZB) + m(ZC) = 


2- We use the sine rule: a = — — to find b 

sin A sin B 

3- We use the sine rule: -Z — = — f — to find c 

sin A sin C 

The following examples illustrate that: 


180° to find m(Z A) 

A 


<3> Example 


3 Solve the triangle ABC in which m 
three decimals. 

O Solution 

Find m(ZC) from the relation : 
m(ZC) = 180° - (36° + 48°) = 96° 

We find b using the sine rule as follows: 

. . a b .8 b 



A) = 36°, xx\(A B) = 48° and a = 8 cm to the nearest 


c 


sin A sin B 


sin 36 


sin 48 



V b = 


_ 8 x sin 48 


b 10. 1 1 5cm 


sin 36 

Use the calculator as follows : ® (S) C£) CID © tlfe) 6 ■ 
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a 


c 


sin A sin C 
8 x sin 96 


c = 

• • 


. 8 

sin 36 

~ 1 3.535cm 


_ c 

0 — • tv 0 

sin 96 


sin 36 

Use the calculator as follows : 



+ Ml 



Try to solve 

( 3 / Solve the triangle XYZ in which Y - 107.2cm, m(ZX) - 33° 16' and m(zZZ) - 44° 19' 


Geometrical applications 

The relation between the sine rule and the radius length of the circumcircle of this 
triangle. 

You have previously learned that: — - — = — 5 — = — 9 . — = 2 r where r is the radius lensth of the 

sin A sin B sin C 

circumcircle ol this triangle. 


0 Example 


4 ABC is a triangle in which a = 15cm, m(ZA) = 60° and m(z_B) = 45° . Find C and the 
radius length of circumcircle of the triangle ABC. to the nearest integer. 


O Solution 

We find m(ZC) as follows: 
m(ZC)= 180° - 1 60° + 45°] 

= 180° - 105° = 75° 

We use the sine rule to find c : 

. . c _ a 


B 


15 


sin C sin A 


15 x sin 75 

e = ^ — ~ 1 7 cm 


sin 75 


sin 60 


sin 60 



To find the radius length of the circumcircle of triangle ABC. we use the relation 

15 


— = 2r 


= 2r 


.'. 2r x sin 60 = 15 


sin A 




sin 60 


15 


2 sin 60 


~ 9cm 



2 sin 6 


0 




Try to solve 

ABC is a triangle in which m(X A) = 64° 23' . m(ZB) = 72° 23' and c = 18 cm. Find each 
of a. b and the radius lensth of the circumcircle of triansle ABC. 
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Unit 4: rrieonometrv 


0 Example 


5 ABC is a triangle inscribed in circle M with radius length 100 cm. 
If AB = AC = 182 cm. find: 


I a Length of BC to the nearest decimal, 
b I'he area of the triangle ABC to the nearest square centimetre 

Solution 

We find m(ZB ) as follows: 


Rappel ( 9 


The area of a tri- 
angle = ^ porduct 
of the lengths of any 
two sides * sine the 
subtnded angle. 


In A ABC : 
— ^ = 2r 


sin B 

182 


= 200 


sin B 

.-. m(ZB) = 65°30' 19" 


(sine rule) 


sin B = 4§j- = °.9I 



(m (Z B) = m (ZC) because A ABC is an isosceles triangle and both are acute angles) 
We find m(Z A ) 

m(Z A) = 180° - 2 x (65° 30' 19") ~ 48° 59’ 22" 


We find the length of BC using the sine rule as follows: 

r r 

BC 1 82 


sin 48° 39' 22" sin 65° 30' 19 


it 


.'. BC = 182xsin48 ° 59 ' 22 " ^ 150.9cm 

sin 65° 30' 19" 



MV 


«•«- 







MM 


• M« 


1 



The area of the triangle ABC = ^ AB x AC sin A 

= i X 182 x 182 sin 48° 59' 22" ~ 12497 cm 2 

Try to solve 

( 5 } ABC is a triangle inscribed in a circle with radius length 8.4 cm. If AB= AC = 10.3 cm. Find: 
a The length of the base BC ( b The area of the triangle ABC 

Daily life applications on the sine rule 

The sine rule can be used to solve many applications. It could be done by drawing a triangle . 
then solving that triangle to find the required data . 
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<s> Example 



Sports: the opposite figure 
represents three players 
from a football team during 
a match. Find the distance 
between the second player 
and the third player to the 
nearest feet. 

O Solution 

m(ZB)= 180° -(70° + 47°) = 63° II 

The distance between the second player and the third player is a. 
a 92 - *^2x sin 47° 



i 


mm 


4 - 



parallelogram 

ABCD = 2A(AABC) 

and the area of 
A ABC = 

4 AB x AC sin BAC 


Then 

sin 47° sin 63° 
Use the calculator: 


a = 


sin 63° 


— 76 feet 



x sin 



♦ sin 





The distance between the second player and the third player is approximately 76 feet 

Try to solve 

Find the distance between the first player and the second player to the nearest feet. 


0 Example 




Geography: In the following figure, there are three 
geographical positions forming a triangle. If the distance 
between position A and position B is 236 km, the 
measurement of the angle at position B is 72° and the 
measurement of the angle at position A is 31 °. Find: 

a I he distance between position C and position B. to the nearest integer 
b The area of land which positions A . B and C represent its vertices to the nearest square 
meter. 

O Solution 

a We find m(ZC) in A ABC : m(ZC) = 180° - (31° + 72°) = 37° 


We use the sine rule to find the length of BC : 


BC 


AB 


(sine rule) 


BC 


236 


sin A sin C " sin 31° sin 37° 

then BC = 23 - 6 Z sin 31° _ 2 1 8.687 1- 219 meters 

sin 37° 

We find the surface area of the triangle ABC in terms of a. b and m(ZB). 
v l he area of the triangle ABC = -= a c sin B 

= 4 x 218.6871 x 236 x sin 72° - 24342 m 2 
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Try to solve 

CO In the opposite figure, there are three geographical 
positions forming a triangle. If the distance between 
position X and position V is 9 km. the measurement 
of the angle at position X is 40° and the measurement 
of the angle at position Z is 105°. Find : 

(a The distance between position X and position Z. 

b The area of the triangle whose vertices are X. Y. Z. 



Using the sine rule of any triangle to find the 
measurements of the angles (there are two possible solutions for an unknown 
angle). 




Activity 1 


Draw the triangle ABC in which b = 7 c 
a = 5cm and m (/L A) =30 

Materials: 

Paper - pencil - ruler - compasses - protractor. 



a 

b 


From point A. Draw AX 

From point A. use the protractor to draw a 30 

► 

angle with AX then draw AC of length 7 cm. 

Place the tip of the compasses at point 

C and open it for a distance of 5cm to 

► 

draw an arc intersecting AX at point B. 

What do you notice? 



We notice that the arc intersects AX at 
two points. I.e. there are two graphs for 
the triangle ABC- one of them is a cute 
- angled triangle and the other is an obtuse angled triangle. 

c. 



c. 




d Compare the height of triangle (Z) drawn from point C 1 AX and the length of BC . What 
do vou notice? 
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Sine rule 


4-1 


We notice that: z = 3.5 cm . BC = 5 cm and AC = 7cm i.e. z < a < b 

© Can you use the sine rule to find the measurements of the angles of the previous triangle? 
Explain. We investigate the possibility of solving the triangle ABC as follows: 



W'e find the shortest dimension drawn from C on AB . let it z. z = bsin A 
i.e. z = 7 sin 30 = 3 y cm 

Where Z B is an acute angle and z < a < b. there are two values for angle B: one of them is 
an acute angle and the other is the complementary angle to it. We use the sine rule as follows: 

c r j c 

— J2 — = — Z — I.e. —2 . — = —2 — then sin B = 7 x sin 30 _ q j 
sin B sin A sin B sin 30 5 

Therefore m (Z B) ~ 44° 25' 37” 

As a result, the other angle is (obtuse) ~ 1 80° - 44° 25' 37" ~ 1 35° 34' 23" 

Application on the activity; 


LMN is a triangle in which f = 12 cm . m = 15 cm and m 

c 

two values . then find them. 


L) 40 c . Prove that the angle M has 


Use the Calculator to solve exercises and activities on the sine rule. 


MjW Activity 2 

The figure opposite represents three Egyptian 
cities forming a triangle. If the distance from 
Suiz to Cairo is 8cm and the measurement of the 
angle at Suiz is 30° and at Fayoum is 40°. find 
the distance from Cairo to Fayoum if each 1 cm 
in the figure represents 16.75 km in real to the 
nearest km. 

a Can you find m(ZA)? 

m(ZA)= 1 80° -(30° + 40°)= 110° 


Nord 





8 1 

b How can you find the real distance from Suiz to Cairo? 

Length in reality = length in draw +- drawing scale 

i 


AB = 8 -r 


16.75 


= 1 34 km. 


raaaeao oocdcbcd® 

How can you find the real distance from Cairo to Fayoum ? 

•/ mJ 

We use the sine rule as follows : — 2 — = 


Drawing scale = 

l ength in drawing 
I eiigtli m rralit) 

Length in reality = 

Length in drawing 
drawing wale 

length in drawing 
= length in reality * 
drawing scale 


c 


sin B 


sin C 
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Unit 4: fr 




imetrv 


i.e. 


sill 30' 


_ 134 then _ 1 34 x sin 30° 


sin 40' 


sin 40' 


1 3 4 x sin 3 o ( ♦ sin 4 0 Ij] . 

d Can you use the accurate length in the drawing to find the distance from Cairo to Fayoum? 
From the drawing of that activity, we find that : AC ~ 6.2 cm 


Hence, the real length ~ 6.2 


I 


1 6.73 


~ 104km. 


Drill on the activity: In the activity above, use the sine rule to find the real distance from Suiz to 
Fayoum, then check your answer using the measurement. 


Complete : 


®E 


Exercises (4-1) 


4tfk 


n any triangle . the side lengths are proportional to 

( 2 ) ABC is an equilateral triangle whose side length is 10 cm the diameter length of the 
c i re u me ire I c of this triangle is 

(3y ABC is a triangle in which m(Z A) = 60°, m(ZC) = 40° and c = 8.4 cm. then a = 

cm 

(4 In the triangle ABC. ^ ^ = r 

sin B 

( 5 ^ The diameter length of the circumcircle of the acute triangle ABC is 20 cm and BC = 10cm 


then m(zZ A) = 


c< 


6 If the area of the equilateral triangle whose side length is 6 cm is 

Choose the correct answer . 

y7y The radius length of the circumcircle of the triangle ABC in which m(Z A) = 30°and a = 10 cm is 


(a 10cm b 20cm (c 5cm d 40cm 

(s) If the radius length of the circumcircle of the triangle ABC is 4 cm and m(Z A) = 30 
the length of a is 

a 4cm b 2cm c 4/3 d — — 

\9 y In the triangle ABC, the expression 2r sin A is equal to 

a J a b b ( c c 


16 


d A(AABC) 

JO If r is the radius length of the circumcircle of the triangle XYZ . then — Z — is equal to 


sin Y 


la r b 2 r 

triangle LMN in which m(ZL) 
circumcircle is : 


1 


C -T r 


then 


d ) 4 1 

30° and MN = 7 cm. then the diameter length of its 


a 7cm 



b 3.5c 


:m 


c 1 4cm 


d 1 4 

sj 
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Sine rule 

@ In the triangle X YZ. if 3 sin X = 4 sin Y = 2 sin Z. then x : y : z equal: 

a 2:3:4 b 6 : 4 : 3 ( c 3 : 4 : 6 ( d 4:3:6 

3^/ Use the sine rule to find the value of x to the nearest tenth. 

a ( b B 


4 - 




103°. c 
77°. b 


Solve each triangle ABC by using the sine rule, if you know that: 

14 ) m(Z A) = 75°, m(ZB)= 34°, a = 10.2cm 3^ m(ZA) = 19°.m(ZC)= 

3 6) m( Z A) = 116°. m(ZC) = I 8°. a = 1 7cm 17) m(Z A) = 36°. m(Z B)= 

3« X(ZA) = 49° 1 1’ . m(ZB) = 67° IT ,c= 11.22cm 
39) X(Z B) = 1 1 5° 4' . m(Z C) = 1 1 0 1 7 . c = 5 1 6.2cm 

Kind the diameter length of the circumcircle of the triangle ABC in each of the 
following case : 

3^ m(Z A) = 75°. a = 21cm 


11.1 cm 
2.5cm 




C)= 102°. c = 1 1cm 


3t m(ZB)= 50°. b - 90cm 
3i) m(Z A) = 70°. a = 8.5cm 


( 24 , 25 ; 26 ) 


MW Activity 

In each triangle ABC, find the measurements of the two angles B and C which 
satisfy the given conditions. Draw figures to help you determine whether there are 
two possible triangles or just one. 

^4) m(Z A) = 62°, a = 30cm. b = 32cm 
35) m(Z B) = 48°. a = 93 cm. b = 1 25cm 
2b m(Z A) - 23.6°. a - 9.8cm. b - 1 7cm 

37) In the triangle ABC. m(Z A) = 67° 22’ . m(ZC) = 44° 33’ and b = 100 cm. find the perimeter 


of the triangle ABC and its surface area. 


3^) In the triangle XYZ. If y = 68.4cm. m(Z Y) = 100° and X(ZZ) = 40 . find x and the radius 
length of the circumcircle of the triangle XYZ. then find the surface area of the triangle. 

9 } ABC is a triangle in which m(Z A) = 22° 37' . m(ZB) = 67° 23', and its perimeter is 30 cm. 
Find each of a and b to the nearest centimeter. 


4 
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^o) The perimeter of the triangle ABC is 450 cm 2 . m (Z B) = 82° and m (ZC) = 56° . 
Find the value of a. 

ABCD is parallelogram in which AB = 18.6 cm. m(ZCAB) = 36° 22' and 
m(Z D B A) = 44° 38'. Find the diagonal length of AC and the surface area of the 


parallelogram. 

^ ABCD is a trapezium in which AD // BC . AD = 22.3cm. m(ZD) = 1 15°. 
ih(ZA CB) = 32° 15' and m(ZB) = 66°, calculate the length of AC and BC . 

ABCDF is a regular pentagon, whose side length is 18.36 cm. Find the diagonal length of AC . 

T4) AB and AC are two chords in a circle if their lengths are 43.5 cm and 52.1cm and they are 
drawn in two different sides of the diameter AD whose length is 100 cm. find: 

a m(ZBAC) (jb the length of BC 

^5} ABCD is a quadrilateral in which m(Z BCD) = 85°. m(ZCDA) = 87°. m(ZBCA) = 36°. 
m( ZBDA) = 55° and C I) = 100cm. find the length of BD and AC. 

3b ABC is a triangle in which a = 58 cm. m(ZB) = 38° and m(ZC) = 62°. find the length of 


the perpendicular drawn from(A) on bc- 

A triangle - like piece of land ABC in which a = 90 meters. m(Z B) = 53°8'. 
m(Z A) = 64° 9'. find the perimeter and the area of this land . 

Creative thinking; 

^8) The distance between two light houses A and B is 
20 km on one line from North to South. If a ship is 
located at position C where m(Z ACB)= 33° and 
m(ZABC) = 52°. find the distance between the 


ship and each lighthouse. 


Climbing : Adel and Karim stand in front of a rocky cliff to 
climb it and the distance between them is 8 meters as shown 
in the opposite figure. How high is the rocky cliff to the nearest 
tenth? 

40 ! Ahmed and Salah stand in front of a minaret and 
the distance between them is 50 meters as shown in 
the opposite figure. How high is the minaret to the 
nearest tenth of meter ? 

II 



B 8 mclcr ' 



50 meter 


B 


D 
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Think and discuss 


Each of the following triangles is given the lengths of two sides : 3cm 


and 4cm. 


C 



l a From figure ( 1 ). m(Z A) is a right angle. Find a. 

b What are the possible values of "a" if Z A is an acute angle (figure 2)? 

[c What are the possible values of "a" if Z A is an obtuse angle 
(figure 3)? 

d Can you solve the two triangles in figures (2) and (3) if (Z A) is 
given using the sine rule? Explain. 

Cosine rule helps us solve such triangles . 



Learn 


The cosine rule 


In the figure opposite: CD 1 AB 
In A BCD: 

(BC) 2 = (CD) 2 + (BD) 2 (Pythagoras theory) 

(BC) 2 = (CD) 2 + ( AB - AD) 2 Expanding the brackets 

= (CD) 2 + (AD) 2 + (AB) 2 - 2AB..AD 

= (AC) 2 + (AB) 2 - 2AB.AD 

a 2 = b 2 + c 2 - 2 be cos A 



B 


◄ 


Nonce 


:© 


Think: Find the value of b 2 and c 2 in terms of 
a. b . c and the measurements of the angles of 
A ABC. 


(AC ) 2 = (AD ) 2 + (CD ) 2 
AD = AC cos A 


You will learn ^ 

► The cosine rule for any triangle. 

► Using the cosine rule to solve 
the triangle. 

► Modeling and solving daily life 
and mathematical problems 
using cosine rule. 


Key terms h 


► Cosine rule 

► Acute angle 

► Obtuse angle 

► Right angle 


Materials 



► Scientific calculator 
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The cosine rule states that : in any triangle ABC : 

a 2 = b 2 + c 2 - 2 be cos A . b 2 = c 2 +a 2 - 2 c a cos B 
. c 2 = a 2 +b 2 - 2 a b cos C 

Critical thinking: 

(ly Prove the cosine rule when the triangle ABC is obtuse - angled. 

(2y Is the cosine rule true in case of the right - angled triangle? Explain 


WjM Activity 3 

Log in internet or search in your school library for other proofs of the cosine rule, then discuss 
with your teacher. 


Finding the length of an unknown side in a triangle 

0 Example 



t XYZ is a triangle in which x = 24.3cm . y = 22.8 cm and m(z^Z) = 42° . find z to the nearest 
decimal. 

o- Solution 

z' 2 = x 2 + y 2 - 2x' y cos Z 

= (24.3) 2 + (22. 8) 2 - 2 x 24.3 x 22.8 cos 42° ~ 286.87 
Z ~ 1 6.9 cm 

Use the calculator as follows: 


Q Try to solve 

(ly ABC is a triangle in which a 
nearest decimal 


= 72.8 cm. b = 38.4 cm and m (Z?C) = 64.8°. find c to the 


Finding the measurement of an angle if its three side lengths are given 

You have previously learned that : 


^ ^ ^ 

a - = b- + c z - 2 be cos A 

i.e. 2b c cos A = b 2 + c 2 - a 2 

then cos A = h- + c- - a- 

2 be 

We can deduce that: 


(dividing by 2bc) 


cos B 



cos C = 



(Cosine rule) 


126 


General mathematics - Arts section -Second secondary 




Using the cosine rule of any triangle to find the measurement of an unknown 
angle in this triangle. 


Example 


2 From the opposite figure , find m(ZC) 

O Solution 

a 2 + b - c 2 

cos C = (cosine rule) 


2 ab 

(5) 2 + (8) 2 - ( I2) 2 

2 x 5 x 8 


(by substituting) 



-55 
” SO 

The calculate can be used as follows: 





8 


iiJur 


' r l f* 



8 


SHIFT 



cos 


We notice that the cosine of the angle is negative, so ZC is obtuse and 
(ZC) ~ 1 33° 25' 57" 



m 


Try to solve 


( 2 ) From the opposite figure, find m(Z A) 

<S> Example 



c 


Remember 


o 


3 Find the measurement of the largest angle in the triangle LMN if it is known that / = 7.5 cm 
m = 12.5 cm and n = 17.5 cm. then prove that: 

cos N-3/T sin N + 5 = 0 

O Solution 

The largest angle is the angle opposite to the longest side, so 
N is the largest angle in the triangle. 

(7.5) 2 + ( 1 2.5 ) 2 - ( 1 7.5) 2 I 


Then : cos N - 


1 7 7 

" + nr - n z _ 


cos 120° = cos(180°-60°) 

= - cos 60 s * x 
sin 120 = sin (180° -60*) 


= sin 60° = 


21m 2x7.5x12.5 

.-. cosN = -± m(ZN)= 120° 

©□©©QOzJ®©- 1>5 





w«s)CDl» Q 

The left side = COS N - 3 /T sill N + 5 = cos I 20° - 3 /T sill I 20° + 5 


= -\ - 3 iJ 


x 


/I 


+ 5 = 0 = The right side. 



Try to solve 

( 3 ) In the triangle ABC . if a = 12 cm , b = 1 5cm and c = 1 8 cm, prove that m(ZC) = 2 m(Z A). 
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Using the cosine rule in solving the triangle 

The cosine rule allows us to solve the triangle in terms of the lengths of two sides and the 
measurement of the angle included. In this case, there is only one triangle. 

Solving the triangle in terms of the lengths of two sides and the 
measurement of the angle included : 


<3> Example 



b = 5cm and m(ZC) = 20 



Solution 

c 2 = a 2 + b 2 - 2ab cos C 
c 2 = ( 1 1 ) 2 + (5) 2 - 2 x] 1 x 5 cos 20° 

c = V ( I l) 2 +(5) 2 - 2 x 1 1 x SCos 20 
~ 6.529cm 

~l i i (2J ♦ 5 } -J 2 x 1 D (]D 1 « 

i 1 1 1 

tr + c - a 


Remember ( Q 


Solving the triangle 
means that we 
find the unknown 
elements. In this 
case, the required is 
to find c,ni(ZA) 
and m(ZB) 



cos A = 

2b c 

= (5) 2 + (6.529) 2 - (II) 2 
2 x .S X 6.529 

m(ZA) ~ 144.786° 


A 


HP 


O 


~ - 0 . 8 1 7 


m(ZB) = 180° - |m(Z A) + m(ZC 
= ] 80° - 1 144.786° + 20° | 

= 15.214° 

c = 6.529cm . m(Z A) = 144° 47' 96" 
m(ZB)~ 15° 12’ 50" 

Try to solve 

( 4 ) Solve the triangle ABC in which a = 24.6cm . c = 14.2cm and 
m(ZB) = 42° 18' 



To find the 
measurement of an 
angle in a triangle in 
terms of the lengths 
of two sides and the 
measurement of the 
angle included, it 
is better using the 
cosine rule instead of 
the sine rule. In case 
of using the sine rule, 
the sine of the acute 
angle or the obtuse 
angle is always 
positive because the 
sine is positive in 
the first and second 
quadrants. In case of 
using the cosine rule, 
if the angle is obtuse, 
its cosine is negative. 
If the angle is acute, 
its cosine is positive. 
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Solving the triangle in terms of the lengths of its three sides 


Example 

5 ) Solve the triangle ABC in which a = 6 cm, b = 8 cm and c = 12 cm 


R 


6 cm 


o Solution 

Required is to find the measurements of the three angles of the triangle, 
then 8 cm 


cos A - 


b 2 + c 2 -a 2 _ (8) 2 + ( 1 2) 2 -(6) 2 43 

2x8x]2 ~ 48 


m 



8 


2 b c 

A) ~ 26° 23' 4" 

CD © CD CD CD S (shift j @ »* CD0 



cos B = 


c 2 +a 2 -b 2 ( 1 2) 2 + (6) 2 -(8) 2 


2 ca 


2 x 12 x 6 


29 

36 


m 


B) ~ 36° 20' 10" 


m (ZC) = 180° - 1 26° 23' 4" + 36° 20' 10" 
= 117° 1 6’ 46" 



1 2 cm 


Try to solve 

( 5 ) Solve the triangle ABC in which a = 1 2.2 cm. b = 1 8,4cm and c = 21.1 cm 

Writing in math ; 

Suppose you know the measurements of the three angles in a triangle. Can you use the sine rule 
or cosine rule to find the side length of this triangle? explain. 


Geometrical applications on the cosine rule 

0 Example 

6 ABC is a triangle in which a = 5 cm . b = 2 cm and c = 4 cm. Bisect BC at D. then draw AD 
and find m(ZC) and m(Z CAD ) 

o Solution 

In the triangle ABC 


cos C = 


7 1 7 7 

;r+ tr - c 


2 a b 

_ (5) 2 + (2) 2 -(4) 2 
2x^x2 


J3_ 

20 



B 
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.-. m(ZC)~49°27'30" 


-1 ( SHIFT J{ co.) AN$) 

In the triangle ADC 

(AD) 2 = ( DC) 2 + (AC) 2 - 2 DC x AC cos C 
= (^) 2 + (2) 2 - 2 x ^ x 2 cos 30"27' 49° 

~ 3.7499 


AD ~ 1 .94 cm 

cos (ZCAD) = (AC) Z(AD) 2 -(CD) 2 

2 x AC x AD 

_ (2) 2 + ( 1 .94 ) 2 - (2.5) 2 195] 

2 x 2 x | .94 


m(ZC AD )~ 78° 14' 14" 

jJ ® CD 1 J CD ' 9 4 ) 

CD CD *; 2 x i CD 9 4 CD 




<S> Example 


7) Geometry: ABCD is a quadrilateral in which AB = 9 cm, BC = 5 cm. CD = 8 cm. DA = 
9 cm and AC = 1 1 cm. Prove that the figure ABCD is a cyclic 
quadrilateral. 

A 


Remember (9 


9 cm 


8 cm 


o Solution 

In the triangle ABC 

cos b = <2!LK2L(ll£ = .1 

2x9x5 6 

In the triangle ADC 

( 9) 2 + ( 8) 2 -( II ) 2 1 

cos b = = - 

2x9x8 9 

Then cos D = - cos B 

i.e. m(Z D) + m(Z B) = 180° 

Where Zl) and Z B are two 
opposite supplementary angles 
in the figure ABCD. 


.'. The figure ABCD is a cyclic quadrilateral . (Q.E.D) 


Try to solve 

(by ABCD is a quadrilateral in which AB = 2.7 cm, AC = 7.2 cm. 
BC = 6.3 cm, CD = 4.3 cm and BD = 7.2 cm. Prove that the figure 
ABCD is a cyclic quadrilateral. 



5 cm 



The cyclic quadrilateral is 

a figure w hose four vertices 

belong to one circle 

• the figure is cyclic 
quadrilateral if: 

• There are two opposite 
supplementary angles. 

• The measurement of 
the exterior angle at 
anv \ertex of its \ertices 

w 

equals the measurement 
of the interior angle 
opposite to the adjacent 
angle of this angle. 

• There are two equal 
angles in measurement 
and drawn on one base 
and on one side of it 

• Its vertices are 
equidistant from a fixed 
point 
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Discussion : For each the following triangle, write the correct formula to the sine rule or cosine 
rule in order to find what is required (referred to in red). Use the given data referred to in blue only. 


c 




Life applications on the cosine rule 

Example 

8 Sports and tourism: in the opposite figure, 
a tourist likes diving in order to watch the 
rare coral reefs and colorful fish. In a time 
of diving, the diver looked upward with an 
angle of 20°. he saw a squid of distance 
3 meters. When he looked downward with 
an angle of 40° . he saw a red fish of a 
distance 4 meters. How far is it from the 
squid to the red fish? 




O Solution 

It's clear from the drawing that we know the lengths of two sides in the triangle and the 
measurement of the included angle. Therefore, we can use the cosine rule as follows : 

a 2 = b 2 + c 2 - 2b c cos A 

= (4 ) 2 + (3) 2 - 2 x 4 x 3 cos 60 0 

= 13 


.'. a ~ 3.6 m 

i.c. the distance from the squid to the red fish is approximately 3.6 meters. 

Q Try to solve 



Sports: Hany likes cycling. If he covers a distance of 6km from point A to point B. then 
covers another distance of 7 km from point R to point C where m(/L ABC) - 79°. How far is 
it from point A to point C to the nearest Km? 
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ietrv 


0 Example 



9 ) Sports: in a football match, the midfielder was at a distance of 20 meters from the right 
wing player. As the midfielder turnd with an angle of measurement 40°. he saw the left wing 
player at a distance of 16 meters. What is the distance between the two wing players? to the 
nearest two decimals. 


O Solution 

Draw a figure to represent the problem as shown, 
a 2 = b 2 + c 2 - 2bc cos A 

= ( 1 6) 2 + ( 20 ) 2 - 2 x 1 6 x 20 cos 40° ~ 1 2.87 meters 

The distance from the right wing to the left wing is 
approximately 12.87 meters 




Try to solve 

(8) Games in the bumper cars yard in an amusement 
park as shown in the figure. How far is it from car A 




> 


B 




to car B before they got collided? 


<7 




<Vc 


' V* 


0 Example 


Measuring the distance 

indirectly 

10 In the opposite figure. Shady wanted to measure the distance 
between the two points"A" and "B" on two different sides 
of a building from the location C which is at a distance of 
33 meters from "A 1 and 48 meters from "B" as shown in the 
figure. If m(z?C) = 34°. find the distance AB to the nearest 
two decimal . 

O Solution 

In the triangle A B C the distance AB = c 
c 2 = a 2 + b 2 - 2 ab cos C 

= (48 ) 2 + (33) 2 -2 x48 x 33 cos 34° ~ 1330.8963 
c ~ 39. 1 3 meters 



B 


48 meters 


C 


25.5 

meters 



Try to solve 

9 Calculations of Land survey Sanaa wanted to 
measure the distance from point "A" to point 
"B" on two different sides of a lake beach. She 
stands at location C which is at a distance of 238 
meters from point "A" and 23.3 meters from 



point "B". If m( Z CC)= 78 °, find the length of AB to the nearest two decimal. 


132 


General mathematics - Arts section -Second secondary 





rule 


4 - 




Exercises (4 - 


2 > 


Complete the following: 

t In any triangle XYZ. .v 2 = y 2 + z 2 , cos X = ^ 


7 1 

z +z - 


( 2 ) A triangle whose side lengths are 13. 17 and 1 5 cm. then the measurement of its largest angle 


is 


(3) A triangle whose side lengths are 5.7 cm. 1.5 cm and 4.2 cm. then the measurement of its 
smallest angle is 

(4 A triangle ABC in which a = 10 cm. b = 6 cm and m(ZC) = 60° , then c = 

^ In triangle LMN, nr + n 2 - f 2 = 

Choose the correct answer: 

(ft) The measurement of the largest angle in the triangle whose side lengths are 3, 5 and 7 is 


a 150 


b 120 


c 60 


n 1 7 1 

/ i iyp - 

J s In which triangle LMN . the expression is equal to: 


a sin 1 


b cos M 


2 ( m 

C cos N 


8 In triangle XYZ, y 2 + z 2 - x 2 = 2yz 

( a cos X b sin Z c cos Z 

9 I 11 triangle ABC. if a : b : c = 3 :2 : 2. then cos a equals 

a I b - i c - 

2 8 2 

Use the cosine rule to find the value of x to the nearest tenth. 

/N 

4Q 




20 cm 


d 30 


d sin N 


d sin X 


3 

4 



23 cm 


H 


35.2 cm 



31.7 cm 
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In triangle ABC if: 

^ 4 ) a = 5. b = 7 and c = 8. prove that m{/L B) = 60 
^ a - 3, b - 5 and c - 7, prove that m(^C) = 1 20 


3 6) a =13. b = 7 and c = 1 3, find m(ZC) 

1^ a =13. b = 8 and c = 7. find m{/L A) 

^8! a = 10. b = 17 and c = 21. find the measurement of the smallest angle. 

a = 5, b = 6 and c = 7. find the measurement of the largest angle. 
yfO a = 1 7. b = 1 1 and m(z^C) = 42°. find c to the nearest two decimals. 

^l) b = 16 cm, c = 1 4 cm . mi/L A) = 72° . find a to the nearest two decimals. 

2% The triangle ABC in which a = 3cm . b = 5cm and c = VT9 cm. find : 
a m (Z.C) b area of triangle ABC 

23/ ABC is a triangle in which a = 9 cm . b = 15 cm and c = 2 1 cm, find the measurement of the 
largest angle of the triangle and prove that it satisfies the relation cos C - 5/T sin C + 8 = 0 

!4. ABCD is a quadrilateral in which AB = 3 cm. AC = 8 cm, BC = 7 cm. CD = 5 cm and BD = 
8 cm. prove that the figure is a cyclic quadrilateral. 


4 



5, ABCD is a quadrilateral in which AB = 15 cm. BC = 20 cm. CD = 16 cm. AC = 25 cm and 
m{/L ACD)= 36° 52'. find length of AD to the nearest centimeter, then find the area of the 


quadrilateral ABCD. 


/£> 


26 ABCD is a parallelogram in which AB = 12 cm. BC = 10 cm and the diagonal length BD = 


14 cm. find the diagonal length AC to the nearest centimeter. 

c ~ 


@ ABCD is quadrilateral in which BD = 78 cm. CD = 96 cm. m(Z^BCD) = 97°. m 
72°. and m(z£ ADB) = 43°. find AB. 


ABD) = 


^8 In triangle ABC . AB = 16 cm. AC = 24 cm and mi/I A) = 80° . find the length of BC . If 
AD bisects /L\ from inside, and intersects BC at D. find the length of AD 

29 ) Sports : A triangle - like race field whose side lengths are 
1 .2 km . 2 km and 1 .8 km. find the measurement of each angle 
of its angles. 

c 

30 ) Land survey : A triangle - like piece of land whose side lengths 
are 300 m .210 m and 140 m. use the cosine rule to find the 
area of the land to the nearest square meter. 
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Sports : Kareem rides his bicycle to cover a distance 
from point A to point If then to point C with speed of 28 
km/h . then returns from point C to point A directly with 
speed of 35 km / h. How many minutes does he take \ 
back and forth to the nearest tenth? 







Writing in math ; Compare the two cases by which you can use the sine rule to solve the 
triangle and with the case you can use the cosine rule. 

3, Discover the error : ABC is a triangle in which a = 5 cm . h = 10 cm . c = 7 cm and 
m(Z A) = 27.66°, find m(ZB): 


Ziad's solution 


Kareem’s solution 


. . b _ a 
sin R sin A 

v cos B =. c *+« 2 : b *- 

2ca 

10 7 

• rns R- + ^ 0 1714 

sin B sin 27.66° 

# ♦ COS D m m / 1 

2x7x5 

sin B = 10 8ip 27<66 * ~ 0.9488 

5 

m(ZB)cr 111.8* 

m(ZB) ~ 68.19" 



Critical thinking 

34 } If the two side lengths of a triangle are (vTo +2) and (v 10 -2) and the included angle = 60, 
find the third side length . 

^ ABC is a triangle in which p - a = 8 cm, p - b = 6 cm and p - c = 4 cm. find the measurement 
of the largest angle in the triangle where 2p = a + b + c. 


4 



6 In triangle ABC . if p - a = 26 cm. b = 28 cm and p + a = 98 cm where 2p is the triangle 
perimeter, find the side lengths of the triangle then the measurement of the smallest angle. 




37, If the ratio among the sines of the angles in a triangle is 4 : 5 : 6 . find the ratio among the 
cosines of these angles. 

^8! In triangle XYZ. if y 2 = (z - x ) 2 + zx . prove that m (ZY) = 60° 



Well Engineering Enterprise 


Student book - first term 





Unit 4: Trigonometry 


Unit summary 


1 

2 


The triangle has six elements; three sides and three angles. . 


Solving the triangle means that we find its unknown elements 
in terms of the given elements. In this unit, we have used the 
sine and cosine rules and the scientific calculator to solve the 
triangle and to solve daily life and geometrical applications. 



3 Sine rule : in any triangle . the side lengths of the triangle 

are proportional to the sines of the angles opposite to them. 

I.e. in any triangle ABC: a - ^ = — — 

sin A sin B sin C 

> This rule can he used to solve the triangle as the 
measurements of two angles and a side length are known 
or given. 


A 



4 In any triangle ABC. : 

a b c 


= 2 r 


sin A sin B sin C 

> Where r is the radius length of the circumcircle of triangle ABC. 

5 Cosine rule : 

> In triangle ABC : 


The cosine rule states that in any triangle ABC: 


2 = b 2 + c 2 - 2bc cos A 

then 

cos A 

i 2 = c 2 + a 2 - 2ba cos B 

then 

cos B 

2 = a 2 + b 2 - 2ab cos C 

then 

cos C = 


_ b 2 + e 2 - a 2 
2 be 

1 1 i 1 

c + a - rr 
2ca 

i 1 1 i 

a z + br - c L 




ab 


6 Using the cosine rule to solve the triangle : 


We can use the cosine rule for solving a triangle if known: 

> Lengths of two sides and the measurement of the included angle. 

> I .engths of the three sides. 

7 Area of the triangle : ^ product of two adjacent sides by the sine of the angle included. 
A (A ABC) = b a b sin C = ^ b c sin A = \ c a sin B. 
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General Exercises 


w> 


General Exercises 

Complete : 

(\ y In any triangle, the side lengths are proportional to 

(2) The cosine rule can be used to find the measurements of the triangle angles if 
or are given 

^ 3 ) The longest side of the triangle is opposite to 

(4 The sine rule can he used to find any side length of the triangle if 


is given. 


If a . m(Z A) and m(Z B) are given in the triangle ABC . then the rule can be 

used to find b. 

6 If z. y and m(Z X) are given in A XYZ. then the 




\7 y If I . m and 11 are given in A LMN, then the 


rule can be used to find x. 
rule can be used to find m(Zf) 


Choose the correct answer: 


(8 In AX YZ, if x = 1 5 cm, y = 25 cm and z = 35 cm. then the measurement of the greatest angle 
of the triangle is 

a 150° b |20° c 40° d)90° 

(9, In AABC. if a=4 cm . b = 7 cm and . m(ZC) = 120°, then the area of AABC is: 


a 14cm 2 


b 7 /J cm 2 


c 28cm 2 


d 7/T cm 2 


^0 If XYZ is an isosceles triangle whose side length is 10 /T cm . then the diameter length of 
the circumcircle of the triangle is 


a 5cm 


b 1 0c 


m 


c 1 5cm 


d 20cm 


If the radius length of the circumcircle ofA XYZ is 5 cm and m(ZX) = 30°. then x = 


a 10 cm 


b 5c 


:m 


c 1 5cm 


d 20cm 


12,' In AABC. if a = 5 cm, b = 7 cm and c = 8 cm, then m(ZB) = 
a) 30° b 60° c 45° 


d 120 


3^ In AABC . if a = 3 cm, b = 5 cm and c = 7 cm, then the measurement of the largest angle 
in the triangle is : 

a 30° b 60° (c 45° (d 120° 

1 4) Open Question; Draw a scalene triangle and determine three measurements of its elements 
including a side length, then find its other three elements. 

c 

3$/ a In AABC . if a= 8 cm. b= 15 cm and c = 1 7 cm. find m(ZC). 

b In AABC. a = 8 cm. b = 15 cm and c = 1 8 cm. Is Z C acute or obtuse ? Explain . 
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4 


16 , ABCD is a parallelogram in which AB = 19.77 . II' its two diagonals AC and BD create 
two angles of measurements are 36° and 44° with its side AB . find the length of the two 
diagonals. 

@ ABCD is quadrilateral in which AB = 27 cm. BC = 12 cm. CD = 8 cm. DA = 12 cm and 
AC = 18 cm. Prove that AC bisects BAD. 

ABC is a triangle in which m(Z? A) = 52° 17'. m(z2B) = 77° 6' and its perimeter is 80.4 cm. 
find its longest side length. 

19 ABC is a triangle in which c = 7.6 cm. m(^A) = 80°and m(z2B) = 47°. find its perimeter 
and the radius length of the circumcircle. 


Cl a : 


2Q) ABCD is a parallelogram whose two diagonals intersect at M. AC = 1 6 cm. BD = 20 cm and 
m(ZAMB) =54°. calculate the length of AD to the nearest centimeter. 

ABC is a triangle in which BC = 20 cm. m (Z. B) = 29° . m {Z-C) = 73° and D is the midpoint 





of BC , find the lengths of AB and AD to the nearest two decimals. 

ABC is a triangle in which AC = 4.7 cm. m(Z? B) = 34° and m(zZC) = 66°. find the length 






of BC then find the circumference of its circumcircle. 

2 

ABC is a triangle in which cos A = ^ . b = 2.5 cm and c = 2 cm. prove that the triangle ABC 
is isosceles. 


24 ABC is a triangle in which a : b : c =4:5: 6. find cos A. 

^ Solve the triangle ABC in which b = 1 1 cm. m(z2 A) = 67° and m(z2 B) = 46° then round to 
the nearest centimeter. 

26 ) Solve the triangle ABC in which a = 13cm. c = 15cm . m(zZ A) = 53° 8' 



2s: 




ABCD is a parallelogram whose perimeter is 30 cm and the ratio between the lengths of two 
adjacent sides is 3 : 2 . If m{Z. ADC) = 60°. find the length of CA _ 

ABCD is a trapezoid in which AD BC . AD = 26.3 cm. CD = 38.4 cm. AC = 51.7 cm and 
m (zZ BAD) = 103° 15'. find the length of BC . 


Sports : Ahmed ran a distance of 8km in a certain direction, then he turned with an angle 
of 80° to run a distance of 9km. How long is it from the starting point to the final point? 

^10 Sports : In a soccer match, the midfielder was distant from the right wing player for 1 5m. If 
the midfielder turned with angle of 45° and saw the left wing player distant from him 1 7m. 
How far is it from the right wing player to the left one? 


A 



1 


Transportation : Ahmed travels by his motorcycle to cover a distance from point A to point 
B. then to point C with speed of 50km/h and he returns 
directly from point C to point A with speed of 60 km/h. 

How long does he take in his back and forth trip to the 
nearesi tenth of minute? 
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^ ^ Accumulative test 

Choose the correct answer 

(ly Without using the calculator, find the value of cos 120 

1 k 1 i~k V"T 


a 




2) Which of the following angles has negative sine and cosine'.’ 
a 75° b |35° fc 265° 


9 


9^7 


d 330 


d 27.39 


If sin 6 = 46. then the measurement of angle 0 in degrees is: 
la 27.39 b -0.008 (e 0.008 

(4) The relation links tan E with sec H is given in the form of : 

a tan 2 E- 1 = sec 2 E (f> sec 2 E -1 = tan 2 E c tan 2 E - sec 2 E = 1 (d tan 2 E + 1 = sec 2 E 

5y Radius length of the circumcirle of triangle ABC in which m(z2A) = 60° and a = /7 cm 


0 


is: 


a 2cm 



b /T cm 


c j 2 sj 


an 

° cm 


(b) In any triangle LMN, the expression 


in 


1 1 nl 

1 + ir - h 


mn 


equals 


a cos I 


b cos M 


c sin I 


d sin N 


Vs 


In triangle ABC. b equals 


a 


c sin B 


(■) 


sin C 

In triangle ABC 
a 30° 


c sin C 
“sin If 


c sin B 


a 


c sin C 


a 


if a = 12. b = 28 and c = 20. then m(z2B) equals 


b 60 


c 120 


d 150 


Short answer questions: 


(9) Without using the calculator, find each of the following : 

(a cos 2 71 b tan 135° (c sin 330° 

^0! Find the accurate value for each of the following: 

a sin (-300)° b sin 45° x cos 210° c cos( ^ ^ ) 

6 


d see 


d sin cos 


'if In triangle XYZ. if x = 10 cm. ni(ZX) = 30° and m(z2 Y) = 45° . find y . 

iji) ABC is a triangle in which a = 4 cm . b = 5 cm and c = 6 cm, find the measurement of the 
largest angle in the triangle then find its area. 
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In the figure opposite : use the given lengths in the triangle to check that: 
a sin 2 0 + cos 2 0 = 1 b tan 2 0 + 1 = sec 2 0 


4 cm 


n 


Long answer questions: 

^ Solve the opposite triangle . Round the side length to the nearest tenth 
and the angle to the nearest degree. 



3 cm 




Y) = - m(Z!Z) and radius length of its 


circumcircle is 10 cm, find perimeter of the triangle XYZ. 



Solve ihe triangle ABC in which a = 1 2 cm. m(^C) = 66° and e = 5cm. Round the length to 
the nearest centimeter and the angle to the nearest degree. 


^ ABCD is a quadrilateral in which AB = 8 cm. AI) = 10 cm. m(^A) = 82° . BC = 12 cm. 


and m(zlCBI)) = 68° . find the length of CD to the nearest centimeter.. 


4 


18 , History : The greatest pyramid is the world's 
most controversial and imaginary monument. It 


is considered a real civilizational leap in Egypt's 
ancient history on that time, engineers had tried to 
build the pyramids frontage to he in the form of 
an equilateral triangle of a side length 230 meters. 
Find the height of the equilateral triangle to the 
nearest meter. 



If you cant answer these questions, you can use the next table: 


Question No 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 


& 

& 

ft 

& 





ft 

&il 

5-g 


& 








J c 

S u 





S3 


si 

5-g 




Back to 


1 * 
2 

it 

c 

1 * 
“■ s 

113 

122 

114 

125 

> l 
2 

1 * 
* 2 

112 

123 

m 

in 

113 

111 

112 









- 











126 
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Exam (1) 


Algebra 


Answer the following questions: 
Question (1): Choose the correct answer. 


/CN 


1 y If/ : R * R w here /(.v) = ,r\ then the figure which represents the function / is 






F/ 





















2 ' 







\ 1 ’ 
v 



i 

-3 

-2 

: -1 

1 

N 


t 3 




-1 ' 


\ : 





t K 

1 1 


\ 





-.5 


\ 





- 4 ' 

-5 


w 






y - 

r 







4 ' 


T 






3 ' 








2 ' 


1 , 






1 ' 

, 

) 

, 



* 

-3 

i -2 

: -1 




3 












-2 








- 3 ' 








- 4 ' 

> 


— 

— 

— 


(2) If 5' " 3 = 4 3 "* . then x = 


a 


5 

4 


b 4 


4 

s 


d 0 


4A -r 


v 3y The range of the function /Where fix ) = Lvl is 


a |().+x | 


b ](). +x 


c | - oo , 0 1 


d | -x , ()[ 


25 


d I 

s 


4) If fix) = 5 V . then /f-2) = 

a -2 b 5 c 

Question (2): 

1 If the function /Where fix) = — , find the range of the function f. the two coordinates of the 

x 1 

symmetry point of the curve . then tind the solution set of the equation /(— ) = 4 

x 

2) Graph the curve of the function f where : 

,v 2 when -5 ^ ,v< 2 
6 - .v when 2 8 

From the graph . determine the range of the function and investigate its monotony. 


fix) = 


Question (3): 

1y Graph the curve of the function / w here fix ) = Lv - 31 . deduce the range and monotony of the 
function and tell wether it is even, odd or otherwise. 
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b Lv -3 I = 0 


y 2 y Find the solution set for each in R : 
a lx-3\>5 

Question (4): 

(l y Find the solution set for each in R : 
a log.v = loc 3 + loc 10 

cr cr CT 

2 Reduce: 

42n-l x t I -n 
8" 71 

Exam (2) 



b 9 v . 3 x y = 0 


b log, 54 - 102 , 0 

c’o c>6 


Algebra 


Answer the following questions: 

Question (1): Choose the correct answer. 

(y) The solution set of the inequality Lvl -1 > zero is: 

a R - 1-1, 1 1 (b ]-|, || (c R - 1-1 . 1[ (d [- 1 . i| 


( 2 ) If 4 = log-, x .then the equivalent exponential form is : 


a x 2 = 4 



b J x 4 = 3 


c x — 16 


(3 y The domain of the function in the figure opposite is : 


a [O.oc [ 


b | 0.x | 


c [0. I] 


d ] 0 . 2 | 


d x = X 




Which of the following functions represents an increasing exponential function on its domain R: 


a y = 3(1 .05)' 


b y — 3 ( 


1 


1 .05 


Y 


c y = 3 + (0.5) x 


d y = ( 0.05)' 


Question (2): 

yly If/f.v) = l.v - 31 + Lv + 21, prove that f(2) =/-l ) 
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( 2 ) Use rhe curve of the function /where /{.v) = x : to graph the following functions: 


a f (x) = x 2 - 3 


b ) / (.v) = (x + I ) 2 


Question (3): 

1y Find the solution set of the following equations in R : 

a I 02 -, x + log/.v + 1 ) = 1 ( b y + 3 1 ‘ v = 36 

( 2 ) (a Find the solution set of the following equation in R : 4' + 2 V+ 1 = 8 
b Without using the calculator . prove that: log, 8 + log, 27 = log, 27 


Question (4): 

1y Find the solution set of the inequality : l.vl + 1 < 2 in R 
( 2 ) Graph the function / where f (x) = — - I 


from the graph: find the domain and range, then investigate its monotony and tell whether it 
is even . odd or otherwise. 


Exam (3) 


Algebra 


Answer the following questions: 

Question (1): Choose the correct answer . 


(Y) If the function /where fix) = x 2 


+ 


1 


. then the figure represents the function f is : 



d 




The solution set of the equation log, l.vl 



a 



b {-3} 




d {1.-1} 


If 5 V ‘ =1 . then x = 


a 5 


b 7 



d 1 


144 


General mathematics - Arts section -Second secondary 




uenerai hxan 


4 The function /where fix) = — — is equivalent to the function : f(x) = 

x 


a 


2 when x > 0 
-2 when .v < 0 


b ? 


2 when x ^ 0 
-2 when .v < 0 


Question (2): 

(1) Use the curve of the function / where / (.v) = .v 2 to represent the function g where 
g(x) =J{x) + 2 . From the graph, find the range of g and prove that it is even. 

( 2 ) Find the solution set for each of the following algebraically : 


8 v x 2 - 6.v + l ) 5 


b I |.v +51 = |.v - 31 


Question (3): 

( 1 ) I a Use the calculator to find the value of x which satisfies 3 X = 25 then round the sum to 
the nearest two decimals. 


b Reduce to the simplest form 


1 - log, 
log 125 


r. 

v 2 


2y Without using the calculator, find in the simplest from the value of : 


1 


+ 


1 


+ 


I 


log-, 30 log, 30 log s 30 


Question (4): 

(ly Use the curve of the function / where fix) = Lvl to represent the function g where g(x) = l.v - 11-2 
then find the range of the function and the equation of symmetry. 

( 2 ' Tell whether each of the following two functions is odd or even : 


8 J{x) = x + sin x 


b fix) = a 3 - 2 .v 2 


Exam (4) 


Algebra 


Answer the following Questions: 

Question (1): Choose the correct answers. 



The range of the function /Where fix) = 


0 

-1 


when .v ^ 0 

is : 

when .v > 0 


8 { 0 } 


b {-1} 


C R 
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( 2 ) The function/ where /tv) = a' is decreasing on its domain R when : 


a a =1 



b a> 1 


c 0< a < I 


d a = -1 


V J 


3y The curve vertex point of the function / where f (.v) = .v 2 +1 


a (1,0) 


b (-1 ,0) 


cj (0. 1 ) 


d (0,-1) 


4 ) If f{x) = 2' , then /(-1) = 


a -1 


b 1 


I 


Question (2): 

(ly Graph the two curves of the functions/and g where fix) = x + 1 and g(.v) = 1 - x. then find the 
area of the triangle defined by the two intersected straight lines and x-axis. 


v- 


2 Find the solution set for each of the following in R : 


a U - 1 1 =4 


b 2 Lx- - 31 <5 


Question (3): 


0 


1y Find the value of the following in the simplest form : 


a 16 v+ 4 x 9 v + 
8 ’ 1 x 1 8 v + 



b log |6 7 x log 49 2 


(2) Determine the domain of the following functions : 


a .A ') = -z 


X 


x 1 - 9 


b g(.v) = J x + 2 


Question (4): 

(ly Graph the curve of the function / where /fv) = .v 3 - 1. then find the symmetry point of the 
function and tell whether it is even, odd or otherwise from the graph. 




2y Find the solution set of the two following equation in R : 


3 9.V +1 _ ^.v - 2 


b log, x + log,(.v + 2) = I 
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Exam (5) 


Algebra 


Answer the following questions: 

Question (1): choose the correct answer. 

(\ y log2 + log5 = 

a 1 b loe7 c ]oe 2.5 

(2^ The symmetry point of the function f where / (,v) = 5 is 

a) (I . I) b (() .()) c (1,0) 

(3y 1'he domain of the function fix) = log, (.v- 2) is .v > 

a 3 b 5 c | 

4 If /fv) = 2 , then /i2.v) = 

a 2 b 4 c () 


d 10 


d (0 . I ) 


d ? 


d 1 


Question (2): 

(l/ Graph the curve of the function f where: 


,/U) = 


x + I 
5 - x 


-1 <x<2 
2<x< 5 


From the graph, deduce the range of this function, investigate its monotony and tell whether 
it is even, odd or otherwise. 


Find the solution set for each of the following in R : 
a l.v - 1 1 = \x + 21 ( b v' v 2 _ 2 \ + | ^ 4 

Question (3): 

If /tv) = 2 ' + 1 . find the solution set of : 


I a ) fix) = 32 

( 2 ^ Find the value of x in each of the following : 
a 3 '• x 4 ' = 9 


b ,A X ‘ 2) - g 


b x = log-, 98 + log-, z: - log -,7 
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Question (4): 

(0 Graph the function f where f(x) 
From the graph . find the range 


| .v 2 when x > 0 

Lvl when .v ^ 0 

. investigate the monotony and tell if it is even, odd or 


otherwise. 


(2) If f{x) = .v 2 Lvl, tell whether the function f is even, odd or otherwise and find the solution set 
of the equation fix) = 1. 


Exam (6) 


Calculus and trigonometry 


Answer the following questions: 

Question (1): choose the correct answer. 

yly In A ABC . if a = b = 8 cm and perimeter of A ABC = 26 cm, then m( z2C) ~ 
(a 35.3° (b 52.3° (c 77.4° (d 108° 



b 1 


c 7 


(3) In A ABC , if m(z2 A) = 30° and a = 6 cm, then — — - 

sin B 


a 3 


b 6 



I 

5 



x - 1 


a s 


b 1 


c 4 


Question (2): 

0 Find: 


d 3 


d 12 


d 20 


a lim 

X -» +=c 


5 .v 3 4 + 3.V 2 - 6 
2 .v + .v 4 



( 2 ) If ABC is A in which : ^ sin A = ^ sin B = ^ sin C 


lim v ~- 
v 1 x ' 3 

. find its lareest ancle 


Question (3): 



Find : 


« 

lim 

4 - 3x 2 


.AT — > -poc 

V .V 4 + 5 



lim 

.v -» 3 


•J x + 1 -2 

7^3 
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Find the perimeter of A ABC in which a = 8 cm and b = 6cm and m(zAC) = 48° 


Question (4): 

1 Find: 

a 1 ini •+ ~ 6 v + 9 





Find the diameter length of the circumcircle of A ABC in the two following cases: 


a m(Z. A) = 75° . a =21 cm 

b m (Z B) = 50° . m (Z C) = 65° 

c - b = 6cm 

Exam (7) 

Calculus and trigonometry 

Answer the following questions: 
Question (1): choose the correct answer. 

,1 In any triangle LMN : ^ equals: 

sin L 

a 111 b 11 c 

111 + 11 d ^ i 

sin N sin M 

sin N + sin M 


V: lim t 4x ' 2 + 1 = 

,v^ + x x-2 


a 4 b 5 c 

5 

d 

2 

(i) lim ( 2 .v 2 + 3 ) = 

.v -> 0 

a 2 b 3 c 

5 

d 

7 

4 In A ABC. if 2 sin A = 3 sin B = 4 sin C. then a 

: b : e equals 



(a 2 : 3 : 4 b 4 : 3 : 2 (c 

3:4:6 

d 

6:4:3 

Question (2): 




1 Find: 




a lim - v " 32 b 

lim ( A ‘ 2) 4 ■ 1 



v 1 x-2 

X — > 1 x ~ ] 
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(2) ABCD is parallelogram in which AB = 7 cm . the two diagonals AC and BD form two 
angles of measurements 65° and 28° with AB respectively, find the length of BD and AC 


Question (3): 

(ly Find : 

a lim x ~ -7 b lim ^ x " * ' 

x _> 3 v 2 -9 .v .v 2 - 2 

(2} ABCD is a quadrilateral in which AB = 9 cm. BC = 5 cm, CD = 8 cm, DA = 9 cm and 
AC = 1 1 cm, prove that ABCD is a cyclic quadrilateral . 


Question (4): 



a 


lim 

A -> 


,v 2 ■+ 5x -6 

.V 2 - 1 


b lim ( V + ]) 5 . 32 

• v * I v - 1 


( 2 ) ABC is a triangle in which cos A 
isosceles. 


0 ] 

— , b =2 — and c = 2cm. Prove that the triangle is 
5 2 * 


Exam (8) 


Calculus and trigonometry 


Answer the following questions: 
Question (1): Choose the correct answer. 

(l I ' 1 A ABC . if a = 7 cm. then b = 


3 7sinA 
sin R 



x — ► + x 


a 0 



A — > -poc 


a ? 


b 7sin B 
sin A 



b 0 


c sin A 
7sin B 


c ? 


c 3 


(4 In A ABC . if sin A 

a 


sin B 2 sinA- sinB 

b ‘ 


sin A 
a 


a a + b 


b 2 a + b 


c a - 2 b 


(j sin C 
7sin B 



d 1 


d 2 a - b 
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Question (2): 

1/ a If lim — 2 — = 4, then find the value of a 

,v_»2 v+l 

( 2 ) Solve the triangle ABC in which a = 2 . b = 12 

Question (3): 


(b Find lim 

x -» 0 

cm and c = 8 cm 


aT7+T - 2 

X 


J 


a 


lim 

A' — > 1 


X 


3a* 


x + 1 


lim ( 


A ^5 


A — r +0C 


— v + 1 
.v .v 2 (x 5 + 2 ) 


) 


ABC is a triangle in which m(z2 A) = 22° 37' . m(Zl B) = 67° 23' and its perimeter is 30cm 
find each of a and b to the nearest centimeter 


Question (4): 

1 Find: 


a lim C - 2.v + 1 

Cl 


b lim (_L + 3) 


,v-> 1 


.v 


( 2 ) ABC is a triangle in which m(z^ B) = 35° . m(/C C) = 70 . and the radius length of 

the circumcircle of the triangle= 16cm, find the area and perimeter of triangle ABC to the 


nearest integer. 


Exam (9) 


Calculus and trigonometry 


Answer the following questions: 
Question (1): Choose the correct answer. 

yly In any triangle ABC . cos A = 


a -( cos B + cos C) 


b cos B - cos C 


c cos ( B + C ) 




3.C - 1 2 
x + 2 


a 18 


d -cos ( B +C ) 


b 4 c ^ 

4 


b -3 I c 1 2 


d 1 


d -12 



Well Engineering Enterprise 


Student book - first term 




General Exams 


1 , o i 

X \ _ t _g _ Q*- 

sjt In triangle ABC . expression - — — — equals zero if : 


a m(z A) = 60° 

(b) m(ZB) = 90° 

c m(ZC)=!20° 

d m(. A)+m(. B) = 90 


Question (2): 

(ly ABCD is a parallelogram in which AC = 10 cm, BD = 8 cm. If AC and BD intersect at M 
and m(Z AMB) = 70 . find the perimeter of the parallelogram. 


(2y Find the limits of the following: 


(a lim X ( v 4.v 2 + I- 2v) 

— > +7C 

Question (3): 

1 Find the value of each of the following : 


^ lim ,v 2 + 3.v * 2 
V • - 1 x + 1 


a lim ,r s -32 
x->2 x 2 - 4 


b lim 3.v + 7 


x * 1 x 2 + 2.v - 5 


(2y Find the measurement of the smallest angle in the triangle ABC if a = 25cm . h = 20 cm and 
c = 28 cm 

Question (4): 

1 Find the value of the following: 

x 3 - 1 

a lim 8 b 


lim / \ ~ Y 


.V C i I 
x L - — 

4 


.V — > +oc 


I - 4a- 


( 2 ) ABC is a triangle in which m(Z A) = 36°, m(ZC) = 45° and b = 9 cm. Find the area of the 


circumcircle of the triangle. 


Exam (10) 


Calculus and trigonometry 


Answer the following questions: 
Question (1): Choose the correct answer. 




v1> In any triangle XYZ. the expression 2 equals 


2 xy 


:qu, 


a cos X 


b sinY 


c cos Z 


d sin Z 
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2 y If z2 A is complementary to Z.C. then cos A + cos C = 


a o b l c -i 

3) lim ( 3.v 2 ) = 

.v — > - 1 

a2 b 3 c 4 

4 lim * = 

, v ->-2 ^ 

(a 1 b -| (cl 



1 


d 5 



I 


1 


Question (2): 


\ 


1 j Find the measurement of the smallest ancle of the triancle XYZ if .v = 27 cm 
z = 1 8 cm. 


v = 35 cm and 



Find the value of the following 


a 


lim A 2 - 3 v + 2 

,Y-> 1 


A' 3 - I 



X —> +x 


(x + I )(5v -3) 



Question (3): 



Find the measurement of the largest ancle of the angle whose side lengths are 7cm. 8cm. and 
9cm. 


2 j Find the value of the following! 


a lim < v - h) 2 - 9 
,v — > 3 '- 2 -9 

Question (4): 

yly Solve the triangle ABC in which m( z2 A) = m( z2B) . m( C) = 80 and c = 15cm 
(2 > Find the value of the following: 


lim 

.v -> - 1 


->3 2 

2r - x z 

~T~ 


O V- 


X + 1 


X' + 1 


a lim x 9.v -f 4 -2 

JC— ►() A 



lim 

x — > 1 



7 

X - X 



Well Engineering Enterprise 


Student book - first term 




Answers of some exercises 


Unit ( 1 ) Real functions and 
graphing curves 
Answer of some exercises ( 1 -1 ) 

j The relation which represents a 
function is (D) 

$ • R, ] -o° ,4] ■> R. 1 -2. x| 

«|R- {()} ,R- {()} 

d ]-» ,4]- {2} |-x . 8| 

y) Range of function = 1 1 , 3]U {- 1 } 


Answer of some exercises (1-2) 

X 

fig domain range Monotony 


a 

R 

1-^21 

]-oc. 0| increasing . 
|().x | constant 

b 

R 

1-4. H 

1-oc. ()| decreasing . 
](),°° | increasing 

c 

|-x. 6| 

1-0°. 2| 

]-x. -4| increasing . 
|-4. 4| constant. 

|4. 6| decreasing 

d 

R - { i } 

& 

1 

1 

hO 

|-x. || decreasing, 
1 1 . x| decreasing 

• 

R-{-U 

1-2. *| 

l-oo.- 1 1 decreasing. 
1-1: °q constant 

f 

R- {0,2} 

|0, 0C[ 

l-oo . 2| increasing. 
|2. x| decreasing 


Answer of some exercises ( 1-3) 


X Even functions (c). (d) 
odd functions: b. e. f 
neither even odd functions: 
D. E 

x Even functions : (a) odd 
functions : (b). (c) 

neither even odd functions 
: (d), (e) 

(4 Even functions : (c) 
odd functions : (a), (d) 
neither even odd functions 
: (b) 

Answer of some exercises (1-4) 

X 

vv 

fig range Monotony 


A 

|0,«| 

decreasing in |-x . ()| . 
increasing in )() . °c| 

B 

|0.X I 

constant in |-x. -2| . 



decreasing in |-2. ()| . 



increasing |(),x | 


Answers of some exercises 


c 

1 -°°, M 

increasing 
constant in 

111 |-X. 

11,“ 1 

H • 

D 

R- {0} 

decreasing 

in |-x. 

0| . 



increasing 

in )0.x | 



c ® b (4) 

a (S)b 



c 




V 

g ( v) : 

= (.¥ - 4) 2 . 

h(x) = A 

7 

•L. 


2. i(.v) 

= ( x + 4) 

2 - 3 


a: 

g (V) = 

(X - 39 . 

h (x): x } 

-4 


. i ( v): 

( A + 4 ) 2 - 

1 


+ 

g ( v): 

Lv - 31 . /? (x): l.vl - 

2 


i (a) : 

Lv + 31 + 2 




Answer of some exercises (1-5) 


C0 {-i.i} 

v x 7 7 

4m 4m. 

CO 0 

®{2> 

CO c 

X a 

CO B 

f x f 

• 

C0 d 

e 

v 

$${-9.3} 

$${1.6} 

$$ { -2.5} 

«<n 

$$ { -4. 1 } 

is} { -3. 5} 



$${ 1.4} 

H 1 -2. 4| 

« 1-3.71 

1 

i 

& 

v 

vf* 

1 1 1-1. 21 

» 1-5. 21 


$$ Ia -41 < 3 

i.e. a = | 1 . 7| 

1 a 38.51 

< 3.5 


Unit (2) Exponents and logarithms 
Answer of some exercises (2-1 ) 

;i; a A ! b a ; C 2 iv' 

. 1 . 3 5 

d a 2 b 4 e v 6 

f I .V A 

Answer of some exercises (2-2) 

All the exponential functions 
of unspecified domain their 
domains are R 

The ranees of the 
functions specified with a 
requirement are ]0.x [ 


functions : (a) . (b) are 
increasing 

functions : (C) and (d) are 
decreasing 

$ • (0. 1 ) b (0.2) 

c a — 3 d y -axis 
• ]0. I [ i a > I 

7 

( 3 ) •) C = 43265341 (1 + 0.01 5 ) n 
b C = 58272141 populations 

& • C = 10 6 (1 + 0.06 ) n 
b) C = I O'’ (I +0.06) 10 
C ~ 1790848 L.E 


Answer of some exercises (2-3) 

(l) • 3 b 2 c I d ±5 

• 1 



Answer of some exercises (2-4) 


(?) . {10} b {123} 

e {27} 

d {15} . {2} 

» {3} 

(j) la 0 b I e 2 

Id I 

V • 1.176 b 4.755 

VV 

c -2.189 


Answer of some exercises (2- 5) 



X c 

SfV 



a 





Answer of some general exercises 


VV 


a ± 2 

d 3 


b 2 

. |0. 1 1 


* y = log,A 

g y = (A) x h I l (0.2) 
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Answers of some exercises 


k i 


i i 


X 


V a 

v*y ■ 


4 * 


C 


9 

d 0 

f 5 


Unit (3) Limits 

Answer of some exercises ( 1-3) 
1 From the graph . we find that 

I. l"o /(-V) = I 

b fio) = I 

[2 ', From the graph . we find that 

a * ,rn f[x) has no limit . 

x V • 

lb fi 3) =1 

Answer of some exercises (2-3) 


1 10 

®3 


/S\ So4 

A< 33 


A 

8 


V 3" 1 

v»> 


CO '3 

Ciq: 32 


ii N 3 


U 7 

J 1 has no limit. 


H 


@8 


(isi (x 2 - 3x + 2) 


= (3) 2 - 3(3) + 2 ="> 


Answer of some general exercises 


( 2 ) 




v 4 y 

1 

V oc 

W 

a 

3 

b 0. 1 c 

2 

v*y 

0 



4 

• 1 f 

3 

v 

vv 

lim 

x + 7 undefined 

d 

x -2 

A + 2 





CO 

lim 

v 3 - 3 2 = 3(3) 2 = 27 

v*y 




V 3 

A- 3 

a 

{(27.- 

27)} b {(-2)} 


Co 

lim 3 

2 - 6\ - 1 6 



.V -8 

A- 8 

e {(3)) o {25} 

• < f } » {0.26} 

Answer of accumulative exam 


_ lim 

.V -8 

— lim 

X -8 

( a - 8 )( a + 2 ) 

(A - 8) 

(v+2) = 10 

v1> 

• [2. 

, 00 | b R - 

{0} 

h) 

lim 

X 2 

a - 128 — jj m v 7 

V 3 -8 x -2 v 3 


= Ix(2) 7 - 3 =Ix2 4 
3 3 


2 


3 

Answer of accumulative exam 



From the graph, we notice that 

/(2~) = 2 ./(2 + ) = 4 

• *. /(2 ) / /( 2 + ) 

lim /(.v) is not existed. 


II s 

IV 


a lim 7.v = lim 7 =7 

v +oc 2 v +5 ' 2 + A 2 

.V 


IT! (Z^C) - 71 0 . b ~ 5.9cm 
. c ~ 9.98cm 

m (z^H) ~ 56° . a ~ 
3.74 1 cm . b ~ 9.327 cm 
$$ in (ZB) ~ 46° . b ~ 
13.61cm . c ~ 3.845 cm 

Answers of some exercises (4-2) 

^ - 1 VZ COS X . >* + z * ' x * 




v z 


<£ 74° 23' 


Unit (4) Trigonometry 
Answer of some exercises (4-1 ) 


CC 33° 44' 4 ) 2/l9cm 

V 2 mn cos L ;V; 1 20' r 

vv w 

(7) cos N Jq ~ II .49cm 

^ ~ 17.71cm 

ft a m(ZC) = 60° 

b Area of triangle ABC = 


15/3 

4 


m 


C)= 1 20‘ 


(ly 

& 


Answer of some general exercises 

y) Sines of the angles opposite 
i2 Its side lengths or the length 

C c 

of two sides and the included 
angle. 

(j x The largest angle. 


V 2 

sR/ 

^ 4 


<0 2 


jo 


Accumulative exam 


u 




lim 

4v 2 

Z lim - oc 

vv 

b 


A •+» 

3 -A 

X +0C _3_ - ] 






A 

vv 

a 

CO 

lim 

X +°C 

Ivl 

X 

— lim v — | 

A +0C x 


a 

Co) 




ii 

10 /y cm 



$$ C ~ 84° r 15", area 9.95cm 2 

General exams 


Answer of 

some exercises (3-3) 

' 2 ) 20 cm 

CO 1 1 -3 

Exam 1 

, 1 

vy 1 

®-2 

CO 4 

$ 40“ 

Question( 1 ) 

-7 

vV 

CO oc 

(*) 9 /T cm 2 

CO 3 

CO b 

V 2 
vv 

C0 rx 

a 

C0 a 

CO c 

CO 00 

C*) 3 


H'c 

Question(2) 

Co) 3 

v 1 y ‘ 

Cu) 0 

Co:o 

U 1 

C«: » 

a ~ 7.4 cm 
b ~ 9.2 cm 


;Y: Domain = 
set - { 1 } 

( 2 ) Ranges [- 


'2 s b 
/ 4 s c 


- {0}.(0 . 0) solution 
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Answers of some exercises 


decreasing in the interval ]-5, 0[, 
increasing in the interval )(). 2[. 
decreasing in the interval ]2. 8| 
Question(3) 

Range = [0 , oc[ decreasing in]- 
oc , 3[ increasing in 13 . <*[. neither 
even nor odd 


2 • Solution set= R -]- . « [ 
b -3 


Question(4) : 


i a 30 b Solution set 


= {1} 


V 

vv 


8 


Exam 2 : 

Question( 1 ) 

CO a 
CO b 

Quest ion(3) 

CO ■ {1} 
CO -I {1} 

Question(4) 


W 


2 C 


W a 


{2} 


(i) Domain = R - {0} . range R - 
{-1 }decreasing in the interval 
]-x. ()| , decreasing in the interval 
]0 . x| neither even nor odd. 


Exam 3 : 
Question( 1 ): 



V h 

Question(2) : 


co • l- 2 - 8 l 

Question(3) : 


V 

vv 


Question(4) : 


/Vs 


- 


C 

a 


b {-1} 


(l) • odd 

b neither even nor odd 


Exam 4: 

Question(2) : 


w 


{ 5,-3} 


Question(3) : 



8 




b 


8 


Question(4) : 


Question(4) 


{0. 1 }. neither even nor odd 

COM 2 

4m 

b 4 

CO • O' 29} 


Exam 9: 


Exam 5 : 


Question! 1 ) : 


Quest i on ( 1 ) : 


V d 
vv u 

< 2 ) c 

vv c 

vC a 

CO B 

V d 

vv u 

V d 

W u 

V d 

CO a 

Question! 2) 


Question(3) : 


C0 25.24 m 


C0(* 

b> { -2} 

CO 

b 1 

CO • o) 

b {1} 

Question! 3) : 


Question(4): 


CO • 2 <> 

b -5 

( 2 ) even . { 1 . • 

Exam 6 : 

1} 

(a)m(ZB)~43 0 
Question! 4) : 

53' 

Question(2) : 


co 

*> T 

CO (• 1 5 

b 0 

( 2 ) 6.4 cm . area = 

: 65.2 c 

104° 29’ 


Exam 10 : 


Question(3) : 


Question! 1 ) : 


C0i- -3 

b) 2 

C0c 

X a 

’ 2 " perimeter ~ 

20 cm 

CO b 

C0 c 

Question(4) : 


Question(2) : 


CO • 0 

b 8 

C0 30° 24' 


Exam 7 : 


V . - 1 

W } 

b 5 

Question( 1 ) 


Question! 3) : 


I s c 
V L 

C0 d 

CO (■ 1 -1 

b 2 

v b 

vv u 

co d 

Question(4) : 


Question(2) : 


' 1 } a = b = 11 .67 cm 

co • 80 

b 4 

CO • 5 

vy 4 

b 1 

^2y 1 2.7cm . 6.6 cm 



Question(4): 




^ . 7 

1 1 5 

b 80 



Exam 8 : 




Quest i on ( 1 ) : 




vV u 

C0 b 



V d 

VV 

Question(2) : 

C0 d 



t ' m 12 

vv I" 1 - 

Question(3): 

b I 

* 4 



V * 2 
,2" 5cm . 1 2cm 

b 2 
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